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Abstract: Cold antihydrogen has been produced at CERN (Amoretti et al. (Nature, 419, 456 (2002)), Gabrielse et al.
(Phys. Rev. Lett. 89, 213401 (2002))), with the aim of performing a high-precision spectroscopic comparison with hydro-
gen as a test of the CPT symmetry. Hydrogen, a unique system used for the development of quantum mechanics and quan-
tum electrodynamics, has been continuously used to produce high-precision tests of theories and measurements of
fundamental constants and can lead to a very sensitive search for CPT violation. After the initial production of cold antihy-
drogen atoms by the ATHENA group, the ALPHA Collaboration (http://alpha.web.cern.ch/) has set forth on an experiment
to trap and perform high-resolution laser spectroscopy on the 1S-2S transition of both atoms. In this contribution, we will
review the motivations, goals, techniques, and recent developments towards this fundamental physics test. We present new
discussion on predicted lineshapes for the 1S-2S spectroscopy of trapped atoms in a regime not discussed before.

PACS Nos: 36.10.-k, 32.60.+i, 37.10.Gh

Résumé : Nous avons produit de I’anti-hydrogéne au CERN (Amoretti et al. (Nature, 419, 456 (2002)), Gabrielse et al.
(Phys. Rev. Lett. 89, 213401 (2002))), pour faire des comparaisons spectroscopiques de haute précision avec I’hydrogeéne
dans le cadre d’un test de la symétrie CPT. L’hydrogene, qui a joué un role unique dans le développement de la mécani-
que quantique et de I’électrodynamique quantique, a été utilisé continuellement dans des tests de haute précision des théo-
ries et des mesures des constantes fondamentales et peut nous conduire a une recherche tres précise de la violation CPT.
Apres que le groupe ATHENA ait produit 1’anti-hydrogene froid, I’équipe ALPHA (http://alpha.web.cern.ch/) a développé
un montage pour piéger les deux types d’atome et faire des mesures de spectroscopie laser de haute précision des transi-
tions 1S-2S dans les deux types d’atomes. Nous passons ici en revue les motivations, les buts, les techniques et les dével-
oppements récents de ce test fondamental en physique. Nous présentons de nouvelles idées sur la forme des lignes en
spectroscopie 1S-2S pour des atomes piégés dans un régime qui n’a pas encore ét€ discuté.
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1. Introduction

The very fundamental discrete symmetry of CPT, stand-
ing for the simultaneous operations of charge conjugation
(C), parity inversion (P), and time reversal (T), is a base for
quantum field theories and the standard model of physics
[1]. Many different tests of CPT violation comparing matter
and antimatter have so far yielded a null result. CPT sym-
metry predicts, among other things, that the atom and its
conjugate, the anti-atom, should have absolutely the same
properties, including their energy levels and the lifetimes of
these levels. A simple atomic system such as hydrogen, with
its very high quality-factor transition 1S-2S presently yield-
ing precisions of parts in 104 [2], and with the possibility of
making its antimatter conjugate, seems like a perfect candi-
date to look for CPT violation.

While CPT has survived every experimental check to
date, it is clear that we do not yet have a good model for
the Universe, its asymmetry in the natural abundance of
matter and antimatter and explanations for dark matter and
neutrino mass. Clearly, this is a time where technology al-
lows for investigations of higher sensitivity and possibly
new and revolutionary discoveries. With very high precision
measurements one might be able to uncover even miniscule
effects. This is the main motivation of the experiment we
describe here.

The ALPHA Collaboration started at the Antiproton De-
celerator (AD) at CERN in 2006, with the goal of perform-
ing a high-precision spectroscopic comparison between
hydrogen and antihydrogen. Half of its team were in the
ATHENA Collaboration, also at the AD, where we produced
the first cold antihydrogen atoms [3], quickly followed by
the ATRAP Collaboration [4]. The anti-atoms were made
from cold antiprotons and positrons in a Penning—Malmberg
trap for these charged species, whereupon the anti-atoms
were free to annihilate at the trap walls. At ALPHA, a sur-
rounding magnetic trap for the neutral anti-atoms should al-
low for holding the coldest antihydrogen atoms produced.

In this paper we describe recent developments in the AL-
PHA experiment and relevant issues with regards to the
high-precision comparison of hydrogen and antihydrogen.

2. Production of cold antihydrogen in a
neutral atom trapping environment

The first cold antihydrogen atoms were produced in the
ATHENA experiment in the so-called nested Penning trap,
where thousands of antiprotons were shot at a few electron-
volts through a dense sample of cryogenically cold posi-
trons. The typical, most favored, process for the formation
of a bound atomic state is through the 3-body collision in-
volving an antiproton and two positrons, whereby the anti-
proton can capture one of the positrons, while the other
leaves, carrying excess momentum and energy. The mag-
netic field required for holding this cold and dense plasma
in the Penning trap has to be quite symmetric and homoge-
neous, and thus, it seems in principle, incompatible with the
highly inhomogeneous field required for magnetic trapping
of the neutral atoms.

This was the first challenge for the ALPHA Collabora-
tion, whose immediate goal was to produce and trap the
cold antihydrogen atoms. After simulations and tests [5],
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the decision was made to pursue the construction of mag-
netic trap using a bias field and mirror coils axially super-
posed with an octupole, rather than the usual quadrupole of
the Ioffe—Pritchard trap. The octupolar field adds very little
asymmetry at the center of the Penning trap, and if the cold
plasma sample can be kept at very small radius and reason-
ably short axial lengths there is negligible loss. It was in
such an environment that we were able to demonstrate the
production of cold antihydrogen recently [6].

The challenge now is to improve the mixing procedure to
produce cold enough antihydrogen to be able to trap some
of the anti-atoms. The ALPHA apparatus incorporates some
interesting features for the detection of the trapped antihy-
drogen. First, a silicon vertex detection is able to produce
images of the annihilated antiprotons with a low background
noise, by detecting the multiple charged pions produced si-
multaneously in the annihilation. A typical mixing scheme
produces cold, but not trapped, antihydrogen, which can es-
cape the trap and annihilate at the walls. The three-dimen-
sional image, produced by detector, of the antiproton
annihilations can be used to study asymmetries in the veloc-
ity distribution of the created antihydrogen atoms as in [7]
for instance. Second, our octupole magnet has a low enough
inductance that it can be shut down in times as short as
10 ms. This facilitates the search for trapped anti-atoms by
monitoring detector signals directly after the trap shutdown,
as shown in ref. 8.

Many issues make the trapping of antihydrogen challeng-
ing. The magnetic trapping energy interaction is given by
the interaction of the atom’s magnetic moment u with the
inhomogeneous magnetic field B(r) as,

Hp = —pn - B(r) (1)

The typical hyperfine diagram of the 1S state of hydro-
gen, with its four states labeled {la), 1b), Ic), Id)}, is shown
in Fig. 1. The trap depth for an atom whose magnetic mo-
ment is oriented against the magnetic field is then given by,

u[B(rv) — B(0)] (2)

where B(r,) is the minimum field barrier along an escape
route — typically made to coincide with the field at the
wall — and B(0) is the field minimum in the trap center,
where the atoms are created. Only if the initial kinetic en-
ergy of the atom is less than this will it find itself trapped.
For the 1S, state, this trapping energy is 0.67 K for 1 T of
field depth. The need for a high bias field in the Penning
trap for the capture and cooling of the positrons, electrons,
and antiprotons results in the sacrifice of some depth for
the magnetic trap. Pushing the superconducting magnet
technology and with some creative construction that sepa-
rates the antiproton capture and cooling region from the
antiproton—positron mixing region — thus allowing a lower
bias field in the mixing region — we were able to achieve a
magnetic trap depth of typically 0.8 K, for a 1 up (Bohr
magneton) atom. This energy is small, putting stringent lim-
its on the experiment, which manipulates plasmas with eV
levels of energy.

If the atom is produced in a high magnetic moment state,
such as Rydberg circular state, the trapping energy can be
much higher than this, provided it is in a low-field seeking
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Fig. 1. Hyperfine diagram of the 1S state in hydrogen, with the en-
ergy given in Kelvin. The doubly polarized state Id) is the one that
typically survives in a high density H trap. The 2S state diagram
would be visually undifferentiated, but there is actually a small
correction to the magnetic moments that causes a slight residual
Zeeman shift and broadening on the 1S4-2S; spectrum.
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state. However, theoretical simulations predict that only a
small fraction of the generated antihydrogen atoms will have
the appropriate magnetic moment orientations and states [9].

Small temperature rises due to plasma manipulations, and
also the plasma dynamics that occur during mixing, may
pose serious impediments to producing anti-atoms in the
Kelvin temperature regime. Learning to diagnose, deal, and
identify which of these issues are important is a time-con-
suming process. However, to date we have identified no fun-
damental physics impediment or “Maxwell demon” that
would lose all the created atoms, such that, given time, we
still anticipate the trapping of anti-matter atoms.

3. Proposal for first cooling of high angular
momentum cold antihydrogen

In the three-body combination process, in which a colli-
sion of two positrons and one antiproton results in the for-
mation of an antihydrogen atom, phase-space considerations
favor the initial formation of high angular momentum states
[9]. If one considers the fraction of the formed atoms that
are trapped, which from energy considerations is likely to
be comprised of those that have a high magnetic moment,
one can follow their dynamics, right after formation, through
the trap. These high angular momentum states will most
likely decay slowly towards the ground state. In this process,
they may lose or gain mean kinetic energy, which we will
loosely refer to as a “temperature”’. When the atom decays
by spontaneous emission, it changes its angular momentum
by one unit of %. In this process, it is likely to decrease the
magnitude of the projection of its angular momentum along
the magnetic field. Suppose the trap is such that the differ-
ence in magnetic energy between adjacent magnetic moment
states at the trap edges is twice that at the trap center. If the
atom decays at the edge of the trap, then it is more likely to
lose a high potential energy while going to a slightly shal-
lower trap — resulting in cooling — while if it decays at the
trap center, it typically loses little potential energy, while the
trap depth has decreased significantly. Spontaneous emission
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is most likely to happen near the trap edges, on turning
points, where the atoms spend most of their time in the
trap. This process has been simulated [10, 11], showing the
predicted natural automatic cooling because of spontaneous
emission.

If this process of decay could be enhanced at the turning
points of the atoms in the trap, improved cooling could re-
sult. This has been discussed at length elsewhere, resulting
in a proposal to use microwaves resonant near the trap edges
to enhance this cooling process [12]. Using a simple model
as well as a sophisticated simulation with the full diamag-
netic Hamiltonian, this cooling is confirmed. Without
optimizing all the parameters, one can gain from the micro-
waves about 70% in the number of trapped atoms for an
initial magnetic moment of about 25 up, at a sample tem-
perature of 16 K. Of course, the higher the initial magnetic
moment state, the better the microwave cooling works. Even
a small improvement in the number and a decrease in the
temperature of trapped antihydrogen atoms will be relevant
for the physics program of the experiment.

With trapped atoms and in the absence of the plasmas,
which can discarded after the mixing, one will have times
that are long enough to perform other cooling schemes,
such as Lyman-o laser cooling [13], or two-photon laser
cooling [14], or even attempt other schemes. The further
cooling of the sample may make it possible to attain high
precision in the spectroscopic comparison of the two conju-
gate species and thus in the corresponding test of CPT sym-
metry. It may even point the way to future gravitational
experiments with these neutral anti-atoms.

4. Spectroscopy of trapped antihydrogen
atoms

Once the first few antihydrogen atoms have been trapped,
the drive for spectroscopy can begin. Even with trapped
atoms, the challenges for spectroscopy are large. Since the
ALPHA setup uses an octupolar magnetic trap, the potential
has its largest effect on the antihydrogen when it is near the
cell walls, which means that the atoms will occupy most of
the cell volume. Thus, a simple analysis of the overlap of
the trapped atoms with the focused laser beam already
shows the difficulties for the laser excitation, as we discuss
below. The other challenges are the residual Zeeman broad-
ening of the 1S-2S transition, even in the correspondingly
doubly polarized states, and the time-of-flight broadening.

In what follows, we provide simple estimates of parame-
ters that allow the spectroscopy of a few trapped atoms and
discuss optimization of the conditions from trap depths
around 1 K. As an atom crosses a laser beam it cannot re-
solve the laser frequency to better than about 1/t where
Tiof 18 the so called time-of-flight of the atom through the la-
ser beam, or the observation time. This is the description
from a Fourier transform perspective. The problem with this
comes with the conservation of energy. This can be easily
resolved if one solves the interaction problem more com-
pletely and includes the momentum of the atom. In the ul-
tra-cold limit, this process gives rises to interesting features
and sidebands in a harmonic trap as fully developed in
ref. 15, and as observed in ref. 16.

The regime expected for the first spectroscopy of trapped

Published by NRC Research Press



794

anti-atoms will most likely be far from the dense and ultra-
cold regime where previous analyses [15, 17] apply best.
Here, it is worthwhile to consider some simple estimates of
transition rates, line widths and possible optimizations, ver-
ify some scaling laws using the simple semiclassical picture
[18], and extend the analysis for the case of atoms in a shal-
low trap.

In the Doppler-free configuration, e.g., two counterpropa-
gating and degenerate photons, the excitation rate for an
atom interacting with an intensity / of the retro-reflected lin-
early polarized laser beam is given by [19],

Ve = 85.7(P1Aw) (cm*/W?)s~>2 (3)

where Aw is the instrumental line width of the atomic tran-
sition and can be due to just the natural line width in the
case of an atom at rest, laser jitter, or a time-of-flight line
width if the atom is crossing the laser beam. The time-of-
flight broadening (1/e half-width, at the two-photon fre-
quency) for a thermal sample in a box is given by [15, 18],

\/2kgTIM

— (4)
w(z)

where kg, T, M, and w(z) are the Boltzmann constant, the

temperature, the atomic mass, and the laser beam waist at a
position z, respectively.

Awpr =

4.1. Optimization of the beam waist for atoms in a box

A Gaussian laser, with total power P, has a beam waist
propagation along the z-axis given by w(z) = wo[1+(z/zg)?]'/2,
where zg = mwj/A is the Rayleigh length, wy is the minimum
beam waist, and A is the laser wavelength. Because of the 2-
photon character of the 1S-2S transition, the transition rate is
proportional to the intensity squared,

I? = {2P/[7w* (z)]}zexp [—4r 1w (2)]

and inversely proportional to the line width. Thus, in the
time-of-flight broadening dominated regime, the transition
rate per atom is proportional to

[P2w (2)]exp [—4r°1w? ()]

For the total transition rate, the larger the area of the beam
(~w2(z)) and the longer the sample length the more atoms it
interacts with. Therefore, in the case of a box with length
270 and constant atomic density n, the total transition rate
will depend on density, power, and minimum beam waist
as [19],

20 d A’
209 o pP? [ = nP2wyArcSinh | 2 (5)
exc W(Z) 2
a

WG
For sample lengths of 2-20 cm, the minimum beam waist
that optimizes the total transition rate varies from 20-60 pm

and is approximately given by wy ~ \/2z0\/7/e.

4.2. Finding the atoms with the laser

A beam waist of 20-60 pwm in an octupolar trap with trap
radius of R, ~ 22 mm poses a serious challenge for excita-
tion with a sample temperature as high as the trap depth. A
simple estimate of the laser—atom overlap (w3/R?) gives val-
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ues of ~107°. A rough estimate of the time for the atoms to
find and cross the laser beam with a beam waist wy = 20 wm
can be made by considering full ergodicity. An antihydrogen
atom at 0.6 K will have a speed of about u ~ 100 ms~! and
will cross a laser if it is within an impact parameter of w,.
Thus, a simple estimate of the time it takes for the atom to
find the laser, considering the trap as a box, is given by the
area of the trap (wR?) divided by u x 2wy, which gives
about 0.4 s. This simple estimate is corroborated by a Monte
Carlo simulation using typical trapping fields. This value
clearly shows that we can ignore coherence between passes
as this time is longer than the natural decay time of the 2S
state of 122 ms.

The atom crosses the laser beam in about 2wg/u
~ 0.4 ps. The time-of-flight broadening for a single radial
speed (u) is given by [15, 18] a Gaussian line shape with a
standard deviation line width of ﬁu/wo ~8x10%s71,

which gives a Awgwum ~ 24/1n2u/wy. The effective inten-
sity experienced by the anti-atom when traversing the beam
for a distance 2w, and also averaging over the impact pa-
rameter, is obtained by correcting the power by a factor of
0.44. Thus, the equation for the excitation rate (3) multiplied
by the crossing time (2wy/u) provides the excitation proba-
bility per pass (Pbp,g) (in SI units),

(6)

2 x 0.44P\ > 2
Pbpass ~ 86 X 1078 ( X ) X o ﬂ
2

X
5 v In2u u

wg
For a power of 10 mW of 243 nm radiation, as used at
MIT to observe trapped hydrogen atoms [16], one obtains
an excitation probability of about Pby,s, ~ 2 x 107 per
pass. To have a 100% excitation probability, the atom has
to cross the laser beam some 1/Pby, times and that takes a
total time 1100%>

10mW\?/ R \?
f100% = 190 x 10°
100% x s< P ><22 mm)

x (100 Lrtns—l) <zow,im> (7)

Clearly, this is an unacceptably long time of many hours
(~ 52, for the parameters above), and experimentally one
needs a better set of parameters. The laser power is probably
the easiest one to change, to lower #;yy. If an enhancement
optical cavity is used, the gain will come at the expense of
more complexity, and it will be important to fight potential
surface contamination effects to avoid spoiling the quality
factor of the cavity. A better solution would appear to be to
engineer a better, higher power laser. Such a laser system,
based on a diode laser followed by a high-power tappered
amplifier at 972 nm and frequency quadrupled, is currently
under development in Rio. The goal is to achieve one order
of magnitude improvement in power at 243 nm over the
MIT system mentioned above.

4.3. Time-of-flight broadening for atoms in a shallow trap

In the case of trapped atoms, a more demanding analysis
follows because of the non-uniform density of the sample,
but especially as a result of the varying magnetic field,
which causes an inhomogeneous Zeeman broadening. We
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Fig. 2. Spectrum of 1S42Sy line in solid line using (12) with the
parameters used in the text. The long-dashed line corresponds to a
simple time-of-flight broadened line with w(z) = 20 wm and 7 = 0.83
K, which is the trap depth used, while the short-dashed uses 7 = 0.07
K. Both the dashed lines have been shifted so the peaks coincide
with the solid line. The horizontal line segment corresponds to the
224 kHz Zeeman broadening from the full trap depth (see text),
which in this case happens to be about half the full width. The de-
tuning (6) is with respect to the whole 1S-2S frequency, that is, at
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suppose that the laser is propagating along the axis of the
trap. Since the typical laser beam waist is so much smaller
than the trap radius, a Zeeman broadening due to the radial
extent of the beam is negligible, and we do not need to con-
sider the radial variation of the field or of the density within
the laser beam.

4.4. Including the Zeeman shift
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The result above, for the time-of-flight broadening, is only
correct for integration of the radial speed from zero to infin-
ity. In the case of our trapped sample, the integration has to
be partial since the Maxwell-Boltzmann distribution is trun-
cated at the trap depth. The time-of-flight broadened excita-
tion rate comes from the following integration [15, 18] over
the transverse velocity (v;) at a given position z (considering
the natural line width negligible and with the laser beam
waist much smaller than the typical trap dimensions),

00
Sioe) = /O dv, exp [—mv/(2ksT)] exp [—8°w(z)*/(42)]  (8)
where § is the detuning. In the case of a trap, the above in-
tegral has to be restricted so that the maximum energy al-
lowed is defined by the trap threshold E,. Taking B(z) as
the module of the magnetic field along the z-axis, the inte-
gral above is, therefore, restricted to the maximum speed
Vmax (2) = \/2{E. — ug[B(z) —B(0)]}/m . The integral
above can be easily computed using a program like Mathe-
matica© [20]. The result, in terms of exponentials and com-
plementary error functions, can be fit well by exponentials
whose amplitudes and line widths are easily evaluated by
expanding the functions around § ~ 0. The result for a
“truncated time-of-flight line width” is,

1;{“3‘ ~ \/mtkgT/(2m) Erf [ mv2, ./ (2kBT)}
X exp ( w0|8|/{\/2kBT/m Erf{ m2_/ (2kBT)} }) 9)

where we can easily identify the 1/e half line width as,

Awtrap ~

tof

(1/wo)\/2ks T/m Erf{ mvgm/(szT)] (10)

In the ultra-cold regime, the Zeeman shift can be easily incorporated in the change of energy of the trapped atomic states [17].
Here, we consider a semiclassical analysis where coherence between passes of the atom through the laser beam can be ignored.

Considering a reasonably dense, thermalized sample, the axial density changes according to a Maxwell-Boltzmann as
n(z) < n(0) exp {—ug[B(z) — B(0)]} , where pp is the typical magnetic moment of the 1S, state. The Zeeman shift at a posi-
tion z is Swz(z) = 27 x 186 kHz[B(z)/1 Tesla]. Here we consider a simplified trap, whose axial confinement is composed of
two infinitely thin Helmholtz coils of radius r( and at positions +z;, giving a field,

i 1 !
B = 2 (ro{l +[(z— Zo)/ro}z}y2 *

ro{1 + [(z + z0)/ro)2}"*

(11)

where 1 is the vacuum permeability, and i is the effective current through the coil. To mimic the ALPHA trap, we can use
7o & 120 mm, ry & 25 mm, and i ~ 40 000 A for a typical possible condition.
With all these elements, we we can now calculate the full spectrum in the trap by means of the integral below,

a0 Brf[\/mv2. (2)/(2ksT —uplB(z) — B(O §—0

Strap(a) O(/ dz r [ mvmax( ) ( B )} x eXp( H’B[ (Z) ( )]) ( >| 0)2( )| (12)
o w(z) kT P\ 2ke Tim Exf] [\/mv2_ (2)/(2ksT)]

where § is the detuning, (1/2)mv2, (z) = pug[B(zm) — B(z)], 2u & zo is the position where the field is maximum, and Sw(z)

was defined above.

This 1S,-2S, line shape can be easily calculated numerically for different conditions. In Fig. 2, we show (solid line) the
spectrum of a sample at 2 K in the trap under the conditions discussed above, together with two shifted time-of-flight line
shapes for different temperatures, considering just the minimum beam waist w(z) = wy. The long-dashed line corresponds to
normal time-of-flight (for a box potential) for a temperature corresponding to the trap depth, or 0.83 K in this case. The short-
dashed line uses a temperature of less than 1/10 of that. Both lines have been shifted by 1.156 x 10° rad/s, slightly above the
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Zeeman shift due to the bias field at z = 0 which is 1.14 x
106 rad/s. The solid line spectrum is slightly asymmetrical
around its peak, as shown in the inset, being biased towards
higher frequencies as expected from the Zeeman shift. It is
interesting to note that the line width is somewhat smaller
than expected from a simple time-of-flight at the minimum
waist with a temperature corresponding to the trap depth
(the long-dashed line). The full, naively expected, Zeeman
broadening, given by dw(zg) — Sw(0) is shown for compari-
son. By using larger beam waists, it can be shown that this
is also not a limit and narrower lines can be obtained.

For the sake of high-precision spectroscopy then, the big-
gest systematic effect may arise by determining the shift in-
duced by the bias field or the field at z = 0. But this field and
the resulting shift can be measured and studied controllably.

In high-precision spectroscopy, given enough signal-to-
noise ratio and control over systematic effects, it is common
to split a line to parts in 103 and even to parts in 10%. If the
line above could be split to parts in 100, a precision of about
2 kHz (at 121 nm, or 2.5 x 10 Hz) may be obtained,
which could lead to a direct comparison with the corre-
sponding hydrogen frequency of 8 parts in 10!3. This is pos-
sible with no further cooling of the sample. However, as we
have discussed above, the steps to trap sufficient atoms and
to be able to interact optically with most of them are them-
selves challenging.

5. Initial physics with cold trapped
antihydrogen

While the goals of the ALPHA experiment are well be-
yond the precision of parts in 10!2 mentioned above, even
precisions of 100 times less than this will bring improve-
ments in the current status of comparisons between matter
and antimatter. Fujiwara et al. [21] have argued that by as-
suming the expression for the 1S-2S transition, and a perfect
charge conjugation symmetry between the atom constituents
and their anti-atom counterparts, the comparison between
what we call “mass of the electron” and “mass of the posi-
tron” would be improved by orders of magnitude from the
present 0.8 parts in 108. There is, thus, a new regime of test-
ing nature even for the initial trapped antihydrogen goals.

6. Conclusion

We have described the ALPHA/AD-5 experiment goals
and current status. In particular, we have discussed practical
issues related to the trapping and spectroscopy of trapped
antihydrogen atoms and have outlined some of the major
challenges. We have derived expressions to predict the spec-
tra for trapped atoms under conditions more suitable for the
initial optical detection of trapped antihydrogen atoms, away
from the ultra-cold regime which has already been thor-
oughly discussed in the past.
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