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The excitation of synchronized Bernstein, Greene, and Kru@@K) modes in a pure electron
plasma confined in Malmberg—Penning trap is studied. The modes are excited by controlling the
frequency of an oscillating external potential. Initially, the drive resonates with, and phase-locks to,
a group of axially bouncing electrons in the trap. These initially phase-locked electrons remain
phase-lockedin “autoresonancg’during a subsequent downward chirp of the external potential’s
oscillation frequency. Only a few new particles are added to the resonant group as the frequency,
and, hence, the resonance, moves to lower velocities in phase space. Consequently, the downward
chirp creates a charge density perturbati@hole in the electron phase space distribution. The hole
oscillates in space, and its associated induced electric field constitutes a BGK mode synchronized
with the drive. The size of the hole in phase space, and thus the amplitude of the mode, are largely
controlled by only two external parameters: the driving frequency and amplitude. A simplified
kinetic theory of this excitation process is developed. The dependence of the excited BGK mode
amplitude on the driving frequency chirp rate and other plasma parameters is discussed and
theoretical predictions are compared with recent experiments and computer simulatidf84©
American Institute of Physic$DOI: 10.1063/1.17811G6

I. INTRODUCTION and do not necessarily relax to a BGK mode. For example,
large amplitude waves created by Wharton, Malmberg, and
The excitation and control of large amplitude waves isO’'Neil* were unstable due to a sideband instability. More
one of the most important goals of both basic and appliedecent work has not been any more successiieverthe-
plasma research. Waves can emerge spontaneously from iless, long-lasting structures can be created by continuous
ternal perturbations via instabilities, but such processes argrives, and driven double layers, which are related to BGK
largely controlled by the plasma state and trap geometrymodes, have been observed in the earth’s auroral zAtsa,
Alternatively, with much greater controllability, waves can Danielsoff recently reported that plasma waves eventually
be excited by external driving sources. Experimentally, somelecay into low amplitude, but long-lasting BGK modes. Fi-
types of waves are easier to excite than others. For examplgaally, spontaneously generated pairs of BGK modes, up-
plasma waves in finite geometiyirivelpiece-Gould(TG)  shifting and down-shifting in frequency near a kinetic insta-
modes] can be generated easily by external drives, but theshility threshold were predicted and investigated theoretically
waves are often strongly Landau damped. In contrast, Berrby Berket al>?In the present work we propose a different
stein, Greene, and KruskéBGK) (Ref. 2 predicted the ex- mechanism of efficient excitation andontrol of BGK
istence of a large class afndampedkinetic waves(BGK  modes. We start in atableequilibrium, but apply an exter-
mode$ in collisionless plasmas, but after nearly five decadesal, oscillating, chirped frequency drive. The idea is to adia-
of studies(see, for example, Ref. 3 and references therein batically relocate a low density region of resonantly trapped
the experimental generation of large amplitude BGK modeg|ectrons in phase spa(tbe resonant buckefrom the tail of
has proven difficult. The reason is simple: BGK showed thathe distribution to the bulk. This slow relocation process cre-
for a given proscribed plasma particle velocity distribution,ates a localized, growing depth depression in the original-
there exists a self-consistent dissipationless traveling wavghase space distribution, while the charge density perturba-
form, or, conversely, a proscribed BGK wave form will only tion associated with this depression yields a BGK mode
be dissipationless for an appropriate velocity distribution. Insynchronized with the drive.
experiments, however, one depends on initial-boundary con-  Our theory is motivated by recent experimehtsug-
ditions forboththe particle distributions and the wave forms, gesting that large amplitude BGK modes candsmerated
and these twofold initial conditions do not necessarily corre-and controlled for certain experimental parameters, in
spond to a BGK mode. As a consequence, one can easityapped, pure electron plasmas. The modes are excited by an
createtransient large amplitude kinetic structures in plas- external, chirped frequency oscillating voltage which passes
mas, but these waves are frequently unstable and shortlivethrough the electron bounce frequency resonances. Figure 1
shows the experimental setup in Ref. 13, while Figs. 2 and 3
dElectronic mail: lazar@vms.huiji.ac.il present the measured responses from the plasma in two dif-
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Each curve plots the envelope of the response as a function of time, and,
-0.2 hence, frequency, as the sweep progresses downward from each plot’s indi-

00 — 05 — 10 — 15 ' vidual start frequencys. Along each curve, the response is phase locked to
) ’ . ) ' the drive. As the drive is swept past the peaks at 2.4 MHz and 5 MHz, phase
Time (us) locking is lost and the mode amplitude collapses.

FIG. 1. (a) Penning-Malmberg Trap geometry in Ref. 13. The pure-electron

plasma column is confined axially by the large negative end potentials, and . . L
radially by a 1500 G magnetic field. Typical plasma densities areW€ €xpectthe TG mode dispersion relation in the non-neutral

~10" cm3, lengths~27 cm, and radir~1 cm, and the plasma is confined plasma to be similar to that in an infinitely long neutral
in cylinders with radius 1.905 cnib) Density fluctuations due to the BGK plasma, having similar parameters, i.eo?:wﬁﬁ 3Ut2hk2'

mode at the column end, arid) near the column center. The positive fluc- _ra2L2, 2 21L,2\71/2
tuations corresponds to electron holes. Because the BGK mode must pa@éherewm_[a k wp/(1+a k%)]"* are the cold TG mode fre-

through the center twicéapproaching and leavipgeach time the pulse quenciesa is the radial geometric constant, the wave num-
reaches the end, there are twice as many pulsgs &s in(b). As expected  ber k=(m+1)7/L(m=0,1,2,..) is dictated by the plasma
for an open-ended reflection, the mode is larger at the(enthen near the Iength and}th is the electron thermal veIocity. Note also that
center(c). . ! . .

in our small aspect ratio plasmak<1, i.e., w<w,. The
largest relative density excitationAn/n of a few percent in
ferent experimental settings with the saf®® mV) ampli- Fig. 2, oceur at electron temperatures =1 eV; as the

; . . temperature increases, the response decreases sharply and
tude drives, but constant and down-chirped frequencies, re-_". . N .
ractically disappears af,=6 eV. After the drive ceased,

spectively. The re_sults in Fig. 2, which d|spla}y the respons hese TG modes had typic@l factors of less than 600, even
to a slowly scanning, constant frequency drive, were inter- B ) . :
t Te=1 eV. In contrast, in experiments with the down-

pr.eted_ as driven TG modes with multlple peaks ass.ouateghirped frequency drivéFig. 3), at T.=6 eV, the relative
with different mode numbers. Note that in these experiments; . : e _

: driven density variation peaked An/n=27% (and even at
w, < wg, 0, andw, being the plasma and cyclotron frequen-

O it ol : " :
cies. Thus, we are well below the Brilloin density litfiand 40% with slightly different conditions while the observe@

can neglect the plasma rotation on the dispersion charactef.e> UP to 100 000. These high excitations were robustly

istics of the excited plasma waves. On the other hand, th hase locked to the drive and, thus, could be easily con-

small aspect rati®/L <1 of the plasmaR andL being the rolled by changing _the form of the frequency chirp. For
plasma radius and lengtiallows one to neglect geometric example, the emerging large wave forms could be returned

plasma end effects on the dispersion. Under these condition‘:%ldi"’IbaticaIIIy t.o nearly_their initial, S’.“a.” amplitude_s;ates by
Simply reversing the direction of variation of the driving fre-

quency. We interpreted these driven, phase-locked excita-
tions as BGK modes, with the excitation mechanism related
to resonant dynamics of a part of the electron phase-space
distribution in the trap in the presence of the chirped fre-
quency drive. A number of additional experimental results
were discussed in Ref. 13, all supporting the proposed exci-
tation mechanism.

Our main goal here is to explain the results of these
experiments, particularly the difference between Figs. 2 and

7 3 and the effect of the plasma temperature on the basis of a
168  Background® ] simple model. In Sec. Il we study the resonant dynamics of a
2 4 6 8 10 12 one-dimensional(1D), initially Maxwellian electron gas
Frequency (MHz) trapped in a square well potential and driven by a chirped

frequency external potential. We shall neglect the self-field in

FIG. 2. Observedsee Ref. 18response from a pure 50 mV drive, for three the system at this stage of the analysis Initially the drive
different plasma temperatures. Also shown is the background noise from ’ ’

external sources. The multiple picks in the spectrum correspond to differerﬁlesonates with a group of particles in. the tail of t_he distribu-
excited TG mode numbers. tion. Subsequently, the resonant region moves into the bulk
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of the distribution as the driving frequency decreases. Wait this stage, the self-electric field, which will be considered
show in Sec. Il that for a constant drive amplitude and lineain Sec. Ill. We assume that the driving field amplitude is
frequency chirp, all initially resonantphase-trappedpar-  small, i.e., for[(e/m)eg]*?<vy,.

ticles remain trapped at later times, and no new particles are The electron dynamics in our 1D problem are governed
added to the resonant groypucke) as it moves in phase by the Hamiltonian

space. Since thimitially trapped electrons are from the tail 5
of the velocity distribution, their density is relatively small. _P

y , y y H(p,zt) = epg(z)cod Yy(t)],0<z=<L. (2
Therefore, as the resonant bucket reaches the bulk of the 2m

distribution, it creates a localized depressidmwle) in the .
electron density in phase spateee Fig. 5 below At the The bounce frequency of the unperturbed electrons in the
' ellis Q=mv|/L. We are interested in the transient, nonlin-

same time, the electron velocity distribution develops a loc Lor resonance phenomenon taking olace as the driving fre-
depression with a width corresponding to the bucket in the P 9p 9

phase spacésee Fig. 6 and a minimum at the exact reso- quency passes through bounce-resonamués wy(t), n

. . . ~~ =1,2,....Therefore, it is convenient to transform from the
nance. The growth of this hole yields the growing driven ; . . ) .
BGK mode (p,2) variables in Eq(2) to the canonical action-angle vari-

In Sec. Ill, we add self-consistency to the resonantables(l,@) of the unperturbed problem. The transformation

bucket dynamics. We employ a full Viasov-Poisson system.> simple: p=nl/L, z=L/w O for 0<O@<m, and z
yn C ploy a 1 . Y =L/ 7m(27-0) for m<® <27, where®=mod 8,2m). The
and work in the action-angle variables associated with ou

model of bouncing electrons. The theory assumes that th[eransformed Hamiltonia(2) becomes

driving and self-fields are small, but usea@n-perturbative 1 *
space-averaged distribution with a parabolic depression at H= E,ulz—cos{wd(t)]z, 2g,coqnéb), (3
the exact resonance. Then we derive an expression for the n=1

adiabatically varying amplitude of the BGK mode excited byWhere we have expandegby(z) (¢ is an even function i1

chirped frequency drive, and compare our predictions with round®=1) in a Fourier series. Our assumption of the
experiments. Section IV describes self-consistent numericaj

; . X . i qguare well trapping potential greatly simplifies the perturb-
simulations of chlrped-bucl_«_at BGK modes. The S|mulat|qnsmg part of the Hamiltonian, which in this case depends on
allow us to check the stability of our model, to test predic-

. . ! .~ the angle variabled only. A different trapping equilibrium
tions of the small amplitude theory, and to better V'Sual'zewould introduce an additional dependence on action variable

large amplitude excitations, yielding a more accurate CoOMy i the potential in Eq(3), complicating the solution dis-

parison with experiments. Finally, Sec. V presents our CON, issed below.
clusions. Now, we focus on the resonance in the problem, i.e.,
consider particles, such thaf) = wy(t), and treat each reso-
Il. CHIRPED, RESONANT BUCKET DYNAMICS nant group via thesingle resonance&\pproximationl.5 In

other words, we describe the interaction of the electrons with

In this section we study bounce-resonant dynamics of g,q th component of the drive by Hamiltonian, obtained by
pure electron plasma in the trap, shown schematically in Figretaining only one resonant term in E@)

1. We assume an axisymmetric, small aspect ratio configura-

tion, R/L<1 (R andL are the radius and the length of the H,= %,u,lz— &, cognl— gy(t)]. (4)
plasma columy and use the driving potential of formay

=V(z,r)cod y(t)], where the driving frequencywy(t) The frequency chirp rate is assumed to be small enough
=diy/ dt=wy—at is linearly down chirped in time, with the that, near a given time, the dynamics can be viewed as a
chirp ratea. We assume that the electrons are strongly conWeak perturbation of a similar system in which the drive
fined to the magnetic field lines, and neglect the effect of thdrequency assumes the constant vakygr). Then one ex-
radial structure of the longitudinal electric field on the elec-Pects the single resonance approximation to be valid, as long
tron dynamics, i.e., we assume that< 1 for the electrons in @S the adjacent resonances do not oveflape consider the
the plasmax being the characteristic inverse radial scale ofdynamics under this approximation next, and will return to
variation of the electric field. This makes electron dynamicsthe problem of resonance overlap at the end of this section.

in our model one-dimensionallD) and driven by a one- The Hamiltonian (4) yields the following evolution
dimensional potential equations:
4= @o(20c08 ¥y(t)], (1) difdt=-neysin®; dd/dt=nl- wqy(t), (5)

where ¢(2) = V(0,2). We further neglect the end effects in where, here and in the following, dimensionless dependent
the trap and model the external trapping potential as a squaetnd independent variables and parameters are introduced
well of lengthL. Initially, we assume a uniform densityy of  (with the same notations, for simplicityi.e., t— Qt, |

the electrons and normalized Maxwellian distribution of lon-— 1/1y,, wy— wg/ Qup, £n— e/ (Mv3), anda— a/ QF, where
gitudinal  electron  velocities fyo(jv))=2(\2mvy)t Qup=mve/L andly=mluy,/ . Note that parametex scales
><exp{—%(|v|/vth)2], vy, being the thermal velocity. Our goal out after these transformations. Next, we differentiate the
is to describe the evolution of the electron distribution insecond equation i(b) and use the first equation in the result,
phase space due to the chirped frequency drive, neglectingielding
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FIG. 4. The effective potentiaf.4(P) and the corresponding trajectories in

(dd/dt, d)-space.(a,b: V,=0.003, «=0.001. Potential wells and trapped FIG. 5. (C_oIor)._The color map of the electron distributidfl ,®) in phase
trajectories in phase space exist in this casel): At critical conditions, space at final timé. The dark blue color of the resonant bucketat1.5

V,=0.001,2=0.001, the potential wells and trapped trajectories disappearindicates the origin of the trapped electrons, i.e., the tail of the distribution in
e R ‘the vicinity of the initial resonant actioy=2.5.

2 2, ; =
dP/dt +Vy sin @ - a =0, ©® collisions throughout our theoyyand, therefore, is conserved

whereV,=n%,,. This is anautonomouslynamical problem, along the trajectories in phase space. Consequently, one can
describing the motion of a quasiparticle in an effective, timefind f at a givenl,®, and timet, by integrating equations of
independent, tilted cosine potential motion (5) backward in time, reaching=0, and assigning
_ _ the known initial distribution to this trajectory. This yields

Vet =~ VaCOS® — a. ™ f(1,0,1)=2(2m) 3 %exp(-13/2), wherel, is the value of the
Therefore, the dynamics ob is integrable. We show the action att=0 on the trajectory starting with,® at timet.
effective potential and the corresponding phase spac&he results of the calculations based on these ideas are pre-
(dd/dt,d) trajectories in Figs. @)—4(d) for «=0.001 and sented in Fig. 5. We focused on the fundame(itad1) reso-
two valuesV,=0.003 and 0.001. <V, [Figs. 4a and nance and integrated E¢p) from t=t; to t=0 successively,
4(b)], the effective potential has potential wells with minima starting at 15 150 uniformly distributed points in the re-
at @, given by sin®,=a/V,. The depth of the wells is gion (1<[0,3],0 [0,27]) in phase space yielding
AV=2V,cos P +2ad,—am. The potential wells divide the f(I,0,t;) on the uniform mesh, as described above. We used
phase space into trapped and untrapped regions. The hglhrametersy=0.001,V;=0.003 in the calculations and var-
width of the trapped regions im®/dt is V2AV. Since ied the driving frequencyny between 1.5at t;=1000 and
dd/dt=nl-wy(t), the half I—widLof the trapped region 2.5 (at t;=0). Figure 5 shows the resulting color map of
(buckey in (1,0) space isAl=y2AV/n. When the driving f(l,0,t=t;). One can see the resonant bucket centered at the
frequency decreases, the resonant budkiéts in this space final position of the resonanc€, =1, =wq(t;)=1.5. The dark
at ratea to smallerl, preserving its form at the same time. blue color of the bucket indicates its origin, i.e., all the elec-
Finally, because of the time independence\gf, in case trons in the bucket start in the tail of the initial distribution
a<V,, all particles trapped initially in the wells will remain nearly=wy(tg)=2.5. Prior to reaching the final position in
trapped, and no new particles will be added to the resonaritig. 5, the bucket was oscillating i® with the drive fre-
group, despite the time variation of the driving frequency. If,quency and drifted i at rate «, as described above. All
in contrast,a>V, [in Figs. 4c) and 4d) the critical case initially trapped electrons moved with the bucket and no new
a=V, is showrj, the potential wells disappear and there areelectrons were added to the resonant group as it drifted to-
no trapped particles at any stage of evolution. We shall sewards the bulk of the distribution. Since the electrons in the
below that the drift of the bucket to smalleryields excita- bucket were captured in the tail of the Maxwellian distribu-
tion of waves synchronized with the drive. One does notion, their density remained relatively low at the position of
expect such waves whea>V,. We observed a similar the bucket at later times, creating a growing depth local de-
thresholdey > oo, ~ @ on the driving amplitude for efficient pression(hole) in the electron distribution in phase space.
wave excitation in our experimentsee Fig. 7 in Ref. 13 The original particles at the final position of the bucket were
and interpreted this threshold as one of the signatures of thgpread around and no significant change in the distribution
trapping-in-resonant nature of the observed phenomenon. outside the bucket is seen in Fig. 5. The increasing hole in

Next, we calculate the effect of the chirped frequencythe distribution is equivalent to an effective, growing, local-
driving on the normalizedto one distribution f(1,®,t) of  ized positive charge in the plasma, and the self-electric field
electrons in phase space, still neglecting the self-field. Thassociated with this charge constitutes a growing amplitude
distribution is described by the Vlasov equati@ve neglect BGK mode(see Sec. Il
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FIG. 6. The angle/space averaged distributigasThe normalized electron  FIG. 7. The angle/space averaged distributions for linearly increasing driv-

density perturbatiolN (circles vs angle.(b) The space averaged electron ing amplitudee,=¢;t/t; and all other parameters and initial conditions as

distribution functionf vs| (circley att=t;. The initial Maxwellian distribu-  those in Fig. 6.(a) The normalized electron density perturbatidiN

tion in the simulations is shown for comparison. The characteristic local(circles vs angle(b) The space averaged electron distribution funcfias

depression in the driven distribution is seen with the minimum located at thé (circley at t=t;. The induced density perturbation and the depth of the

exact resonanck=l1,. resonant depression in the distribution function are smaller than those in Fig.
6 due to additional particles trapped in the drifting resonant bucket.

For better illustration of this effect, we average
f(1,0,t=t;) overl, yielding the normalized densitf(®) in
space and show the density perturbatidN(®)=N(®)

-1 in Fig. §a). The plasma density perturbation as a func-
tion of position in the trap can be also obtained at this stag
by folding AN(®) in ® around® =7 and adding the two

parts of AN. The electric field induced by this electron den-

sity perturbation is the excited BGK mode in the systeee The first effect is that of a time varying amplitude of the

Sec. M. Finally, we averag'ef(l,(i),t—tf) ov'er.®,l|eld|ng driving field. One may increase the driving amplitude of
the space-averaged normalized velocity distribufidnt) of  54en by external means. Alternatively, such an increase
the electrons at=t; (recall that in dimensionless variables, may be viewed as heuristic addition of a phase locked,
v=1), and show these results by dots in Figb)6 The full 4 5wing amplitude self-field of the same mode number. The
line in the figure represents the original Maxwellian. Note g0lution equationg5) in this case remain the same, byt
the characteristic local depression in the distribution with theyacomes a slow function of time. Assuming adiabaticity of
minimum located at the exact resonarigewy(ty) at final . “one preserves all initially trapped electrons in the bucket
time. The width of the resonant region is the same as thgf growing size, but also adds new particles from the pool of
width 2Al of the resonant bucket discussed above. We havgnirapped electrons, as the bucket drifts in phase space. This
found in all our simulations that space-averaged d'St”bUt'onfohenomenon is illustrated in Figs(aJ and Tb), showing the
in the plasma driven by down-chirped frequency drives wergpace-averaged distribution function for the same parameters
always characterized, similar to Figig, by a local minima 514 initial conditions as in Figs. 5 and 6, but with
in the resonant region. Based on these results, the theory Qfsft/tf, wheres;=0.003. We start with zero amplitude tt
chirped-bucket BGK modes in Sec. Ill will use a heuristic, - and the amplitude reaches that in Figs. 5 and 64t
locally parabolic depression of the space-averaged distribype see in Fig. fb) that the width of the parabolic depression
tion function in the resonant region, i.e., in the distribution, induced by a chirped frequency drive, is
TN _ _ 2 _ roughly the same as in Fig.(l§, but the depthh of the
FLO ~fol) —h+ AL -1LOF, 1= <Al ® minimum is smaller, since additional particles are now
wheref(l,) is the initial distribution at,(t), h(t) is the depth  trapped in the bucket at its final position. As a consequence,
of the depression, and=h(t)/Al?, in order to fit the width  the induced density perturbatidfrig. 7(a)] is also smaller
of the bucket to this model. One can estimiaie in Fig. 6 as  than that for constant amplitude driyEig. 6a)]. Neverthe-
the difference between the density of the electrons outsidiess, the simulation shows that one can again approximate
and inside the bucket at its center lirspace, i.e.h(t)=(1 the space-averaged distribution in the resonant region by a
-k)fo(l,)+kfy(lg), wherek is the fraction of 2r occupied by  parabolic profile(8) with a properly chosenh(t).
the bucket at the exact resonance. Note that this depth is not The second important effect is the overlap of resonances.
a perturbation and, despite the assumed smallness of théntil now, we have treated modes with different mode num-
driving amplitude h may be ofO(1) as the bucket enters the bersn via the single resonance approximation. This approxi-

bulk of the distribution. The emergence of suahnpertur-
bative, space-averaged distributions is the characteristic fea-
ture of trapped electron clouds driven by chirped frequency
drives. Prior to using these distributions in the self-consistent
?heory, we consider two additional dynamical effects ex-
pected in resonantly driven plasmas even without inclusion
of the self-field.
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mation is applicable until the sum of the half widths of the 3
adjacentslowly drifting) resonances equals the distance be-
tween the centers of the resonani:SeQuantitatively, the
adiabatic nonoverlapping criterion for adjacenh+1 reso-
nances in our case is

Al <M =11 = gyt)/[n(n+ 1)]. 9)

4.5
4
35

3

This condition is more restrictive for larger and may be
violated as the driving frequency decreases in time. Reso-<
nance overlap leads to chaotic mixing between the two adja-
cent resonant regions, invalidating the single resonance ap-
proximation. We expect such a mixing to result in a growing
incoherence in the driven response and in the destruction of
some modal components of the BGK wave in the self-
consistent theory. In the limi&<V,, Al=2yV,/n and con- 0 1 02 03 04 05 06 & 08 09 1
dition (9) limits the amplitudes of the neighboring coherent ANGLE, 6/(2r)

modes by inequality

(n+ D\, + MV, < wg(t).

CTION, I

FIG. 8. (Color). The color map of the electron distributidfi,®) in phase
space at final time; for n=1,2,3 clirped frequency drives. One can see
three separated resonant buckets centered at final resonant aktions

. . 71.00,0.75,0.50. The nearly uniform color of each bucket indicates the
Let us now illustrate the effect of mUItlple resonances andc;rigin of the trapped electrons, i.e., from the vicinity of initial resonances at

resonance overlap phenomenon in chirped bucket dynamigs 2 50,1.25,0.83, respectively. The single resonance approximation is ex-
via simulations. Again, we calculate the electron distributionpected to work in this case.

in phase space by following the trajectories of a large num-

ber of particles with different initial conditions. Now, in con-

trast to Fig. 5, we include two additional resonand¢es sponding resonance. Still, because of the separation of the
=2,3) in the Hamiltonian, i.e., consider dynamics governedresonant regions, the single resonance approximation could

by be used to treat each of these resonances separately. We com-
pare these results with a similar simulatigghown in Figs.
Hio-41,6) :}mz_ > g cosd,, (100 10, 1Xa), and 11b)], where _the driving amplitudes are in-
n=1,2,3 creased te; , 5=0.01. The distance betweerr2 andn=3

resonancef).25 in this casgis nearly the same as the aver-
- aged width of the resonances and one expects to see some of
€123=0.003, =0.001, and vary the driving frequency as g P

before bet 215 andon=2 5. In thi det th then=2 andn=3 overlap effects. Indeed, in Fig. 10 we still
d? ore et;/veen)f— .h a_nz O_d : _'3” IS case, |(2§_’|(3§9 observe a well-defined=1 bucket in phase space. Only a
istance between the=2 and n=3 resonances! ~ -1,

; : residualn=2 bucket can be seen, while the neighboring
=0.25 is larger than the sum of the half-widtl6.123 of

the resonances and one expects the single resonance approxi-
mation to work. A color map of the phase-space distribution  o0s —— 08
function at final time in this example is shown in Fig. 8. We
observe three resonant buckets at the corresponding resona
positionslﬁ”)=wf/n=1.50,0.75,0.50. The colors of the buck- 0%
ets indicate the origin of the resonant electrons: all came !
from the vicinity of initial resonant actions, at
=2.50,1.25,0.83. There is a significant difference between
the densities of the trapped electrons and those of the surz o}
rounding untrapped particles. This difference constitutes the
existence of holes of different depths in the electron distri-
bution in phase space. The corresponding normalized densit -ooz |
perturbationsAN(6) in ® space and the space-averaged dis-
tribution functionf(l) are shown at=t; in Figs. 9a) and
9(b), respectively. | PO
The density perturbation in Fig(® is larger than in the 005 b o5 /'i/ s .
single mode drive cas@Fig. 6a)]. Furthermore, it has a ANGLE, ©/(2m) ACTION, I

morg complex Struc.ture’ since it includes a larger number oIf:IG. 9. The angle/space averaged distributions for a three-mode drive. The
spatlal mOde$see F|g.£2 beIOW One observes three sepa- driving amplitudes are:,=0.003,n=1,2,3.(a) The normalized electron
rate depressions in thl) distribution in Fig. 9b), each density perturbatioAN (circles vs angle;(b) The space-averaged electron

having characteristic parabolic shape with a minima afistribution functionf vs | (circles att=t;. The initial Maxwellian distribu-
jon is shown for comparison. The characteristic local depressions in the

(1,2,3 ; ; . L .
[ . These reson.ar_‘F regmnS. have d!ﬁerent depths, eacfiiven distribution have the minima located, as expected, at the exact reso-
depending on the initial and final positions of the corre-nances=1".

where the phase mismatches abg=n6-yy(t). We use

0.04f ® |

0.7f
0.6

0.5
0.01F

= Initial
= 04 Maxwellian
03

0.2f

0.1

3

Downloaded 19 Nov 2004 to 131.243.223.57. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



Phys. Plasmas, Vol. 11, No. 9, September 2004 Driven phase space holes... 4311

f.O)  x10° x10™ x10™ x10™
3 1 3t 1
(2) (b)
- o2 2
5 ]
g g
Q
53]
(a9
1%}
1 1+
0 01 02 03 04 05 06 07 08 09 1
ANGLE, 0/(2m) 0 0
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
MODE, n MODE, n MODE, n

FIG. 10. (Color). The color map of the electron distributidfi,®) in phase

space at final time; for combinedn=1,2,3 chirped frequency drives. The 5 12 The comparison of the Fourier specta,of the electron density

parameters are the same as in Fig. 8, but all three driving amplitudes alSerturbations induced by a chirped frequency drig@. Small amplitude,
increased te,=0.01. One can see the well separatedlL resonant bucket, singlen=1 mode drive. The parameters are as those in Figs. 5 and 6. An

while the boundary oh=2 bucket is largely deformed, while=3 bucket  4most purelyn=1 response is seetb) Small amplitude three-component
nearly _d|sappe_ars _due to |lnteract|onl0f resonances. The single resonanGe-1 2 3 drive with non-overlapping resonances. The parameters are as
approximation in this case is not applicable for treatiig2, 3resonances.  hose in Figs. 8 and 9. The response consists mostly of three nearly inde-

pendent modegc) Larger amplitude three-component drive with overlap-
ping n=2,3 resonances. The parameters are as those in Figs. 10 and 11.
=3 bucket nearly disappears. A similar effect is seen in thenly then=1 driven component grows significantly as comparedldp

distribution function in Fig. 1Gb)§ the normalized density whilel the n=_2 response remains nearly the same andnth8 response
perturbationAN in Fig. 11a) is Iarger than that in Fig.(ﬁ), practically disappears due to the resonance overlap.
mostly because of the largar=1 driving amplitude.

Finally, we compare the Fourier spectra of the induce
density perturbationdN(®) at different driving conditions
in Figs. 12a)-12c). The spectrum in the case of a single
frequency drive, for the small driving amplitude conditions
of Figs. 5 and 6, is shown in Fig. {&. An almost purely

dFigs. 8 and 9. The single resonance approximation is valid
and the response consists primarily of three nearly indepen-
dent modes. In contrast, Fig. &2 shows the case of a larger
amplitude three-component drive with overlapping2,3

. . resonances. The parameters are as in Figs. 10 and 11. Only
n=1 response Is seen. Figure(t2shows the spgctrum for ann=1 driven component grows significantly as compared
small amphtlude, three-componerin=1,2,3 drive with to,Fig. 12b), while the n=2 response remains nearly the
nonoverlapping resonances. The parameters are as thosestg‘fme and the=3 response practically disappears, due to the

resonance overlap. This completes our analysis of a driven

08 . . Maxwellian plasma dynamics with a prescribed chirped fre-
) quency drive, but neglecting the self-field. We now proceed
07y 1 to add the latter to our model.

0.6

lll. CHIRPED-BUCKET BGK MODES

l Here, we extend our driven[, trapped electron plasma

S 04l mial model, by including the interaction with a more general po-
tential perturbationA(z,t)=¢[z, Y(t) ,t]+e4 z, Y4t)], that in-
03| ] cludes both the drivingepy, and the self-field,p, compo-
nents. We use a two-time-scale representation of the
02f T potentials, i.e., viewp and ¢4 as 2r-periodic functions of
fast phase variableg and i, respectively, but, at the same
time, assume that the frequenciegt)=dy/dt and wq(t)
=dyy/dt are slow functions of time. The explicit time depen-
3 dence ing[z, ¥(t),t] is also assumed to be slow. We recall
that, by the nature of emergence of the resonant buckets in
FIG. 11. The angle/space averaged distributions for the case shown in Figghase space in our model in Sec. I, their phases and the
10. (&) The normalized electron density perturbatiai (circles versus phases of the corresponding induced density perturbations

angle.(b) The space-averaged electron distribution funcfiors | (circley were the same as of the driving field. We shall assume a
att=t;. The characteristio=2,3 local depressions are strongly affected by ’

interaction of resonances as compared to the lower driving amplitude cas%im”ar. situation when One.ir.‘dUdeS the S_|0W|y varying self-
shown in Fig. 9. potential as a part of the driving perturbation. In other words,

0.1

[¢] 02 04 06 0.8 1 1] 1 2
ANGLE, 6/(2r) ACTION, 1
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we assume that the phase mismatthy(t) —4(t) is both  frequency decreases, all the electrons initially trapped in the
small and slow at all times, despite the variation of the driv-resonant bucket remain trapped at later times and some new
ing frequency. The electron dynamics are now governed byarticles will be added to the resonant group, as the bucket

the Hamiltonian drifts towards the bulk of the distribution. This will create a
5 local depressiorihole) in the phase space, that oscillates in
H(p,z,t):zp——ev(z,t),Os z7<L. (12) ®=mod #,27) and slowly drifts inl. The hole, in turn,
m

yields the electron density perturbation, which is phase
locked to the drive, and the appearance of the characteristic
minimum in the space-averaged electron velocity distribu-
tion. This situation is similar to the growing driving ampli-
tude example in Figs.(@ and 1b).

H(1,60,t) = 1%~ exfZ(0).t]. At this stage, we proceed to our kinetic theory. Let
f(l,0,t) be the distribution of the electrons i, §) space.
The distribution is described by the Vlasov equation

We again transform to the action-angle variablgsg), of
the unperturbed problenisee Sec. )l The transformed
Hamiltonian is

We expandv in the last equation in a Fourier seriesénBy
definition, bothe and ¢4 are symmetric aroundr with re-
spect tod and, therefore, we have af

P + Ij—; - 2n(a,cos i + £,C0S lpd)sin(nﬂ)(;—:c =0, (19
o= fo()codne);  @4= > gu(th)cogno).

where Hamiltonian(12) is used in the equations of motion

Next, we use zr periodicity with respect ta), ¢ , to expand de/dt=1

f, and g, in a Fourier series, and, by focusing on a single

mode interaction, leave only the combinationroh 6 har- dI/dt= - 2n(a,cos i + £,C0S Pg)Sin(né).

monic and firsty-, ¢4 harmonics inev in the Hamiltonian, o ]
obtaining[compare to Eq(3)] Recall that, by definition of the angle variable, both

Ly =mod #,2m) and 27—® correspond to the same positian
Hn =317 =2[a,(t)cos yit) + encos yy(t)Jcosnd).  (12)  in configuration space. Consequently, we normalize our dis-

Herea(t) ande, are real amplitudes of generally complex, tribution so that, for a give®==z/L, ze[0,L], the integral

driven, and driving Fourier coefficients, respectively; the
complex phases of the amplitudes are absorbed in the defi-
nitions of ¢ and ¢5. We shall assume that,> 0, but allow
both positive and negative signsaf(t) (see below. Also, in  is the normalized electron density atn, being the initial
Eqg. (12), we again use dimensionless variables and paramunperturbey density.
eters[t— Qut, 1 =1/, og— og/ Qi sn—>sn/(mvt2h), and We seek phase-locked solutions of Ef4) in the form
a,—a,/(Mv3), where Qy=mvy/L and l,=mlog/7 (see  f=F[l,6,4(t),t], whereF is 27 periodic in bothd and i,
Sec. I)]. Other resonances can be treated independently byhile, as beforegdy/dt and the explicit dependence bm F
similar Hamiltonians, as long as both the driving and theare slow. Then, expansion in a double Fourier series yields
self-field amplitudes remain small and the resonances do not w
overlap, as described in Sec. Il. - g —

The Hamiltonian(12) will be used in our kinetic theory F(1.6.9 n,mE:_w Crm(l.Dexei(ng =my)], (16
below [starting Eq.(14)]. The theory will describe the effect . . ) .
of the resonant particles on the excited wave, but also inWhereCnm(1,t)=C_, _(I,t) vary slowly. Finally, in studying
clude the driven responsge., the response at the driving SIOW resonant excitations of a specifith 6 harmonic of the
frequency of the nonresonant part of the distribution. The distribution, we drop all the terms in Eq16) but the
latter contributes, via the principal value integ@) in our 9> ¥-averaged term, and those with phases ¢, i.e., we
final result[see Eq(29) below]. Thus, the interaction of the Write
wave with the whole thermal distribution will be included in Y i v NG
our kinetic model. At the same time, the dynamics of the F(L,6, = f(1.0) + (Ae¥e+ B ")e+ c.c., 7
resonant particles is easier to understand on the basis of owhere the slow factors*'¢ are included inA, andB,. Note
discussion in Sec. Il. Indeed, the resonant particles can b@at f(1,t) in this expression is the space-averaged distribu-
de;cnbed by a simplifiedsingle resonancHamlltonlan Ob-_ tion of actions(velocitiey; it may have a nonperturbative
tained from Eq.(12), under the phase-locking assumption[o(1)] local depression, when compared to the initial Max-
=iy wellian distribution (see the discussion in Sec).lAs the

H! ~ 112_[a(t) + &,]cognd - V), (13) result,A,, B, in Eq. (17) may not be necessarily smafee

noz2 " below) and, consequently, we do not view E@.7) as a

which is similar to Eq(4), but the slowly varying amplitude, perturbation expansion, but rather expansion of the distribu-
e (t)=an(t)+&,, now includes the self-component(t) (to  tion function in harmonics. At the same time, the amplitudes
be evaluated latgr Therefore, we expect the dynamics gov- a, and e, are still viewed as small perturbations. We substi-
erned by Eq(13) to be similar to that described in Sec. Il. tute Eq.(17) into Eq. (14) and collect the coefficients of
For example, ifa,(t) grows slowly with time, as the driving terms with expi(né+ ], yielding

’ [f(l,@,t)+f(|,2w—®,t)]dl:@ (15

0
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n

An - in_ af
t +|(n|+wd)An+E(anel(ﬁ"'sn)ﬂzoy

n

. in _. of
. +l(nl—wd)Bn+§(ane '¢+8n)5=0.

(19

where, as beforep= /-y is the phase mismatch.
Now, we write the Poisson equation for the induced
dimensionless, self-potentiap/mog,,
e An(z
¢ = \22 (2)

[F2-llmg) e,

57K
th
Here, parametex (as befor¢ models the inverse radial scale

9z (20
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— 1) h wq\?
f(I,t)zf0<f>—h+E<l —ﬁ‘) (25)

with the slow time dependence entering vig, h, and Al.
Then,

ne, of ne, of
A :_—”_0, :_—N_O, 26
" 2(nl+ wg) 4l " 2(nl - wy) 4l (26)
and
eph(nl = wg) e,h
=~ ¢ =--T 2
" ANt eg) " AI? @

outside and inside the resonant region, respectively. Sihce
is of O(¢;*?), outside the bucke#), andB, are ofO(e/). In

of the mode excited in our bounded, small aspect ratiqontrast, inside the resonant regioh, is of 0(8;11/2), B,

(R/IL<1) plasma, \p=vy/w, is the Debye length,w,
=(4me?ny/ m)*2 is the plasma frequency, aidh(z)/n, is the
normalized, oscillating component of the electron density
perturbation. The latter is calculated from Ed5),

+oo

)

By substituting Eq(17) into Eq.(21), using the result in the
Poisson Eq(20), whered/ 9z°= (/L)% 902, and collect-
ing the terms with exp(n® - ¢y)], we find

An(2) _

0

{[F(1,0,1) - f]+[F(1,27 - ©,1) - f]}dl.

(21)

+o0

(B, +Aydl, (22)

ane—i(;b — 2p2f

0

wherea,, is the amplitude of the inducesl componen{see
Eq. (12)], p=(xkApw)~t, and u?=1+(nw/kL)%. Equations
(18), (19), and(22) comprise the desired, closed set of three
complex equations foh,,, B,, anda,e'®. We now proceed to
the solution of these equations.

We associate a slow BGK mode in our system with the

(quasistatig solution of Eqs.(18) and (19), where one ne-
glects 9B,/ dt and 9A,/dt. This yields ¢=0 (perfect phase
locking) and purely real amplitudes

L nen df ey of
" 2(nl+wg) a1’ " 2(nl = wg) 1’
+oo
an=—2p2f (B + Aydl, (24)
0

where, as beforeg; =a,+¢,. Equations(23) show that the
quasistatic approximation is valid, provided the time varia-
tion of wy and e/, is sufficiently slow. The resonant form of
B, at nl=wy does not change this conclusion, as will be

explained shortly. Next, we usewith a parabolic localized

depression in the resonant region illustrated in the example
in Sec. Il. In other words, to lowest order, we assume tha%heres:sigds’) andR(§)=1-p
- n

outside the resonant buckgt—wq/n| > Al), f coincides with

the unperturbed normalized distributibr fy(1), while inside
the bucket(|l —wy/Nn| <Al) [compare to Eq(8)]

Downloaded 19 Nov 2004 to 131.243.223.57. Redistribution subject to AIP

scales a®©(h) and may beD(1), but bothA, andB, remain
slow. The nonperturbative scaling of the driven, quasistatic
response in the bucket region is the important signature of
the resonant interaction in our driven problem.

Now, it remains to perform integration in the right-hand
side (RHS) in Eq. (24). We use Eqs(26) and (27) and as-
sume a small width of the resonant bucket, (ia. dimen-
sionless unitg Al <1. Then, the integral in the RHS in Eq.
(24) can be approximated by

“ofo(ey2dl [ afo(ey/2dl

d ‘)

e afy dl )

_<p f

2\ J_. 9l l-wyn

whereP(...) denotes the usual principal value integratigl,
is the symmetric extension df, to both negative and posi-
tive I, i.e., fo(=1)=f5(1)=fo(l), and, by our normalization,
J7ofidi=1. If we specializ€® to a Maxwellian, f}
=(2m) Yeexp-1%/12),

= (afyahdl

P =
f_w I—wd/n

whereS(&)=1/4Z(-&)-Z(9)], é=wy/(\2n), andZ(§) is the
usual plasma dispersion function. Importantly, the function
G(¢) has a single maximumG,,=0.28 até,,~1.5, i.e., at
wg=2.120)y,, while asymptotically, at largeé, G(¢§)

=~ 1/252.16 The substitution of Eq(28) into Eq.(24) yields

the desired expression for the amplitude of the induced field,

2he,,
Al

Jl I—a)d/n

4h
+ —
Al

2656 -1=G(9), (28)

4h ,
2= p{ﬂ + G(f)]en. (29
We recall thate;,=a,+¢,, and, in the limita<<g,, nAl
:/2_\[TM Then EQ.(29) becomes a quadratic equation for
Vel

, i
s SR@|ef| - 2nhp’sy|ef| - £,=0, (30)

°G. This equation yields a
multiplicity of physical (positive) solutions, which can be
classified depending on the sigiof the total field amplitude
g, (the driving amplitudes,, is assumed to be positiyelf
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s>0, R must be positive and the corresponding solution isa solution with adecreasingamplitude v|e/|~ &,|R|/nhp’.

(type-I solution in the following Therefore, no large excitation is expected in this case as well.
TR A very different scenario characterizes sufficiently hot
—_nhp n’h?p* &, 2 i
NEE = + o + R R>0. (31) plasmas, wherp<G,,<1. Then,R>0 for all £ and we excite

a type-I solution without encountering a discontinuity in the
process of evolution. The phase-locking persists as the
driven bucket approaches the bulk of the distribution. A large
driven response is expected, as functief¥) in Eq. (34)
passes a minimum &t,~ 1.5, i.e., atwg~2.1Qyn. If h con-
tinues to increase with the decrease of the driving frequency,

In contrast, fors<0 (both ¢/, and &, are negative in this
case, there exist three solutiongype-Il, -1ll, and -1V solu-
tions, respectivelydepending on the sign dg,

AT * R IR’ R<O, (32 the actual maximum value af, is expected at< &, Also,

the largest driven response in this scenario is expected for
— nhp? P’ e, p’Gclose to unity. Finglly, in the hot plasma case
NEME R + 2 R R>0. (33 (PoG<1), a clump(h<0) instead of a hole can be created

by first resonating in the bulk of the distribution and then

Note that type-I and -1 solutions exist in calsez0 (a clump ~ Moving to the tail by slowly upshifting the driving frequency.
instead of a hole in the distribution, see bejowhile solu-  SinceR>0 in this case, we excite type-I soluti¢dl). If, as
tions Ill and IV become unphysical in this case. Also, onlywe approach the tail of the distribution, wheRe=1, we
type-I and- Il solutions above are allowed for0 and finite  have n?h?p*/R=<e,, Eq. (32) yields a small solution|a,)
e,. Therefore, only these two solutions are of interest in our= &,/ n[h|p?. Physically, the associated self-field in the clump
system, wherd develops, starting from zero, as the result ofcase cancels that of the drive and no large excitation can
a slow drift of the resonant bucket in phase space. Consemerge from an upshifted frequency drive.
quently, we shall not discuss further excitations of type Il These predictions agree well with the results of our
and V. experimentsl.3 For example, in Fig. 3, showing the response
Now, we consider several limits of Eq&1) and(32). to chirped frequency drive a,=6 eV, one observes mul-
Suppose, at=0, the driving frequency resonates in the tail tiple maxima of the driven response@j=~ 1.3n{}y,. In these
of the initial distribution, i.e.£>1, p?°G<1(i.e.,R>0)and  experiments, T,=6 eV, w,=1.7X10°s™}, k=1 cn!, and
h=0. Then, initially, we proceed from type-l solution, the one findsp?G,,~0.8, close to the expected condition for
driven response isa,~ p’G(§)e =~ e,/ (khpué)?, and the having the largest amplitude, driven bucket-BGK modes. If,
self-field amplitude growth starts due to the decreasg a6  in contrast, T,=1 eV, we find p’G,,~5, &=~3.5 and, de-
the driving frequency chirps down. At later times, the depthpending on the initial value of, one expects either a dephas-
h of the depression in the space-averaged distribution fundng of the driven type-I solution af, (if, initially, &> &),
tion increases, which contributes to additional growthagf  still being in the tail of the distribution, or a decreasing
via the terms withnhp?/R in Eq. (31). These terms may type-Il solution (if, initially, £é<¢&) as explained above.
become dominant if the resonant bucket approaches the bulkherefore, no large driven response is expected at this tem-
of the distribution, wherdis of O(1). Then, Eq.31) yields  perature, as confirmed in experimefitszinally, if at large

2nhp? type-1 excitations, whera,> ¢, we switch off the driving
\E;, =~ . (34) field, the remaining wave form will be just slightly different
R(&) from its final state with the drive and, therefore, it will con-

Because of the characteristic form of functif), having a ~ tinué to support itself via the resonant bucket, associated
single minimumR,,=1-p2G,,, the dependence af, on time with the self-field only. In this caseyy in Eq. (34) becomes

in Egs. (31) and (34) with the decrease of the driving fre- the frequencyw of the excited wave and we interpret this
quency is different fop2G,,< 1 andp?G,,> 1. The extreme €duation as the dispersion relation of the free BGK mode.
latter casep?s> 1, is the cold plasma limit. In this cas(¢) The reality of w in the dispersion indicates stability of the
passes through zero at sorie>1 and then becomes nega- excited wave, as, indeed, has been observed in experiments,
tive. Then, only a type-Il solution is allowed. This meansWhereQ factors of up to 100 000 have been measured, after
rapid variation of the amplitude negg and a discontinuity in ~ switching off the driving field. It should be also mentioned
the solution até,, i.e., violation of adiabaticity. The plasma that other phenomena, such as resonance overlap, nonlinear
cannot support a quasistatic, synchronized BGK mode fointeractions between modes with different mode numbers,
£ & in this case and the phase locking with the drive isdephasing and flattening of the local minimum in the distri-
expected to be lost. Since, prior reachi&g the resonant bution due to a faster growth of the excited wave, and three-
bucket is still in the tail of the distributiorh in Eq. (31) is  dimensional effects may affect the finite excitation ampli-
exponentially small, and, consequently, no significant driverfudes of driven, chirped-bucket BGK modes.

response is expected in the cold plasma limit. Another case Next, we proceed to self-consistent particle-in-¢eIC)
corresponds t@?G,,,> 1 (still sufficiently cold plasma cage simulations, focusing on testing predictions of our small am-
but, initially, att=0, R<0. Then, a type-Il solution charac- plitude theory, and visualizing large amplitude excitations for
terized by negative self-field amplitude is excited initially, comparison with experiments. We postpone a more detailed
and, as we approadh [recall thatR(&;)=0], Eq.(32) yields  numerical and analytical study of the aforementioned nonlin-
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ear phenomena and three-dimensional effects associated witl
synchronized BGK modes to future work.

()
IV. PIC SIMULATIONS

Our one-dimensional simulations assume an initially 0 z/L 1
uniform electron density in the trap. Such a density profile is
not in equilibrium with the self-consistent potential, leading
to density spikes at the ends of the plasma column during the
evolution. This limits the precision of description in the end &~ 1 m
regions. We have also assumed a square well shape for thig Mmmmm
confining potential, defined by edge electrodes. Despite of all
these simplifications, interesting results have been obtained, -0.2

! X . L. . 0 260 460 660 860 1000
confirming main predictions of the small amplitude theory time

and yielding very good qualitative agreement with the ex- _ _
perimental results at large excitations. Nonetheless, in thf/® *>@® P h;:g’ggiczn‘gtrzal'tg\flﬂzﬁ)S%’%imesgfgﬁoingfOtfhg‘%li‘é?]':g'0”’
future, simulations based on a more accurate model will b@ensilty at the point marked by a dashed lingn

performed, using more realistic profiles for both the confin-

ing and drive potentials, allowing detailed quantitative com-

parisons with experimental results.

We used a standard, 1D, electrostatic PIC ¢béethe  namics for hot and cold plasmas. Figurega3and 13b)
simulations. A modified Poisson equation has been solved ignhow the results of a simulation run in the cold plasma case
z space(z,v, coordinates have been used in the goal#h 419 dimensionless drive amplitudg=0.017: Fig. 18) is
the boundary conditions defined by assuming an exponentighe phase-space portrait of the plasma at the final time of
decay of the potential at the ends of the trap with a characaycitation, while Fig. 16b) plots the time evolution of the
teristic inverse decay lengtk. We used a value fok as  gensity perturbatiorinormalized to the initial density) at
given by the radial scale in the problem, the latter found bypositionzo marked by the dashed line in Fig. (@t Figure
expanding the self-consistent potential in Fourier-Bessel S€r3(h) clearly shows that the cold plasma response remains
ries and retaining_ only the first te_rm_in the ;eries. Thereforegmal| throughout the excitation process. The normalized am-
« has been set i@/ Ryap, Wherejo, is the first zero ol plitude of the density perturbation reaches a maximum of
Bessel function andRy,,~2 cm is the radius of the rap. <194 in the initial stage of excitation, where the bucket is
With these assumptions~1.2 cm. The confining square — gill in the tail of the distribution, and then decreases in time,
well potential has been taken into account in the definition ofyjmost disappearing at the final time of simulations, as dis-
the suitable boundary conditions for the Poisson equatiog,ssed at the end of Sec. Ill, for a type-Il solution with
and in the particle mover, by imposing elastic collisionsnearly the same cold plasma parameters. No significant dif-
against the potential wall for the particles reaching the endgerence in the results have been observed at higher driving
of the plasma column. We have assumed the plasma lengiyplitudes, the density perturbation always decreased in

of 30 cm, w,=1.7X10° s™*, and two different values of the time. The absence of large excitations in 1 eV plasmas was
temperature,T,,=6 eV (hot plasma cageand Tg,=1 €V 350 confirmed in experimen@.

(cold plasma cageln all our simulations belowas in pre-
vious sectiong the dimensionless sweep rate has been set to
a=0.001 and the dimensionless drive frequengyhas been
swept from 2.5 to 1.5. Only the first harmonic of the driving
potential has been included, although, a higher harmonic
content could be easily introduced in the code, and nearly _€
50 000 computational particles have been employed. N
The numerical results in Sec. Il, where we neglected the
self-field (see Fig. %, predict the formation of a hole in the 8
phase spacéthe separatrix can be clearly identified in the 0 z\L
figure) which extends to nearly all of the plasma column, and
is relatively narrow in velocity, because of the small driving
amplitude. For this reason, the oscillating hole does not yield g
large density oscillationgsee Fig. §. Furthermore, these <,
non-self-consistent results are independent of the plasma>
temperature, which scales out in the dimensionless formula- : ‘
tion. In contrast, when the self-field is included, the tempera- 0 z/L 1

ture enters explicitly in the dimensionless model via the de-FIG. 14. Phase-space portraits of the system at one (hirdnd at two

bye |en9_th _in the source term of Poisson equa_fm EQ.  thirds (b) of the chirped-frequency driving process, fe5=0.017,
(20)]. This important difference leads to very different dy- =0.001 andT,=6 eV.

(b)
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FIG. 15. (a) Phase-space portrait of the system at the end of the evolution
for all parameters as in Fig. 1) Time evolution of the plasma density at
the point marked by a dashed line (ia).

A very different response was found in simulations for
6 eV plasma case. The self-consistent evolution at this tem-
perature is illustrated in Figs. (& and 14b) and Figs. 16  (b)
and 1%b), for the same dimensionless drive amplitude and
other parameters and initial conditions as in the cold plasma
case. The effect of the temperature on the evolution of the
perturbed density is evident: the system response grows con-
tinually in time, reaching very large amplitudes at the end of
the excitation process. The initial growth of the amplitude in
this case corresponds to the growing type-l solution, dis-
cussed for similar plasma parameters at the end of Sec. lll.
The amplitude of the oscillating part of the relative electron
density perturbation in the small amplitude limit can be
found from Eq.(20) in our theory, i.e.An/ny=a,/p?. Here,
for large excitationsa; =~ ¢4, and, therefore, substituting Eq.
(34), one findsAn/ny=4hp?/R?. For simulations parameters
in the hot plasma cas@?=2.1, h can be estimated as 0.1,
and R=0.75 (¢=1.06 at the final time of the simulation.
This vyields the amplitudeAn/ny=0.15, which must be
viewed only as an estimate, because small amplitude as-
sumption is violated at the final time. Still, our estimate and
simulations are in a good agreemésee Fig. 16b)].

The evolution of the phase space portrait of the plasma
as shown in Figs. 14 and 15 provides another visualization of
the effect of the self-field on the process of formation and
development of the resonant bucket. In the self-consistent
case, one observes that the low density bucket region be-
comes increasingly wide in velocity space, but, at the same
time, is confined to a smaller, well-defined part of the plasma
length, as it should be due to the conservation of the total
area of the low density region in phase space. This spatial
localization of the bucket at large excitations results in a
higher spatial harmonic content of the self-field, as observed
in experiments. The growing width of the bucket in the ve—(d)
locity space also yields large modulations in the plasma den-
sity, with relative density variations reaching 20% —30%, as
shown in Fig. 18b). Similar size excitations have been also
observed in experiments at analogous condifibnsee

Fig. 3.

©
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V. CONCLUSIONS

We have studied the emergence and control of BGK-
type modes in trapped pure electron plasmas. The goal
was achieved by applying an oscillating, external driv-
ing potential with a slowly down-chirped frequency
and exploiting the transient bounce-resonance phenom-
enon with the electrons in the trap. Initially, the drive
resonates with a group of electrons in the tail of the
distribution function. Some of these electrons are
trapped in resonance and remain trapped despite varia-
tion of the driving frequency, while some new electrons
are added to the resonant bucket as it slowly drifts with
the decrease of the driving frequency, towards lower
resonant velocities. Since most of the resonantly
trapped electrons belong to the tail of the electron ve-
locity distribution, their density is low compared to that
of untrapped particles, as the bucket approaches the
bulk of the distribution. The excited, chirped-bucket
BGK modes are associated with this synchronized, low
density depressiothole) in phase space.

To develop our intuition and demonstrate the effects of
the chirped frequency drive on the resonant bucket dy-
namics, we started our analysis with simplified simula-
tions, while neglecting the self-field. The simulations
provided us with the electron distribution function in
phase space, within this approximation, and illustrated
the emergence of a growing depth hole in the distribu-
tion, as the driving frequency was chirped down. It was
also shown that the corresponding, space-averaged dis-
tribution of the electrons developed a characteristic de-
pression, having the width of the resonant bucket in the
velocity space. The minimum of this depression was
located at the slowly drifting position of the exact
bounce-resonance, and its relative depth could become
large,O(1), as the resonant bucket travels from the tail
to the bulk of the distribution, even if the amplitude of
the driving potential was small.

We have developed a simple 1D kinetic theory, based
on the driven Vlasov-Poisson system that describes
these chirped-bucket BGK modes. The theory is based
on a perturbation scheme, where the driving and the
excited wave amplitudes are viewed as perturbations,
but uses a heuristic, nonperturbative, space averaged
distribution[Eq. (8)] with a localized parabolic depres-
sion at the exact resonance as found in simulations.
The theory also employs a two-time-scale representa-
tion of dependent variables and assumes continuous
phase-locking between the driving and driven fields.
For sufficiently hot and dense plasmas, our theory pre-
dicts excitation of large amplitude, undamped, multi-
peaked driven-bucket BGK modegype-l solutions
[Eg. (31)]} for a down-chirped driving frequency. Ex-
istence of these synchronized waves, their persistence
after the driving field is switched off, and many fea-
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