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E-6. Capacitance

Teaching Notes

THE MAIN POINT

1. Understand that capacitance is determined by the geometry of the conductors.
2. Calculate capacitance for simple systems of conductors.

3. Introduce electrostatic energy density and energy storage in capacitors.

SAMPLE LESSON PLAN

Discussion Question 1........ 10 minutes in groups.

Mini-Lecture |l ....cccccoeeneenns 10 minutes, centered around answering Discussion Questions 1 & 2.
Problem 3. 20 minutesin groups, 10 minutes GSl-led discussion & boardwork.
Problem 2........cocovviiinns 10 minutes in groups, 10 minutes GSl-led discussion & boardwork.
Mini-Lecture Il .......cccueene 5 minutes. (Introduce electrostatic energy, if necessary.)

Problem 7.....ccccoooiviiins 10 minutes in groups.

Mini-Lecture Il .................. 5 minutes. (Introduce dielectrics and E = Eo/x, if necessary.)
Problem 5. 25 minutes. Do parts (b) - (d), then just calculate C by C = g/V.

GENERAL TEACHING SUGGESTIONS

Geometric nature of capacitance. Students see that the definition of capacitance is C = g/V, and it®
no wonder they get the idea that capacitance depends on how much chargeis on the plates, or on the
potential difference between the plates. 1t® in the definition! The challenge then is to convey the
idea that capacitance is a geometric notion. It® as if some shapes are more effective at holding
charge than others. That@the idea behind Discussion Questions 1 and 2.

Strategy for calculating capacitance. Emphasize a standard strategy for finding the capacitance of
an arrangement of conductors (such as parallel plates or concentric cylindrical shells). Elby® book
The Portable TA, Volume 2 does a good job with this. (See Chapter 36.) Here® how the strategy is
laid out in Problem 3 of this worksheet:

Imagine that the conductors carry charges %q.

Find theresulting electric field.

Integrate that field from one conductor to the other, in order to find the potential difference V
between the conductors.

It will always turn out that V and q are proportional. The proportionality constant g/V is called
the capacitance, and depends only on geometric factors (and dielectric constants if dielectrics
are present).
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Energy in eectric fields. The idea that electric and magnetic fields store energy becomes more and
more important as the course progresses. So do not neglect the problems on this worksheet dealing
with energy storage in capacitors. (See the Sample Lesson Plan above.)

Astowhy capacitors store energy in the first place, be sure to emphasize both points of view:

Work done to charge the capacitor. Since the charges on the plates repel each other, it takes
work to cram them together there. When you do 75 J worth of work on the capacitor, you can
think of those 75 J as being stored in the capacitor. (You could get them back, for example,
by letting the charges flow back off the plates.)

Energy stored in the dectric field of the capacitor. When you charge up a capacitor, you
create an electric field in the capacitor. Since electric fields store energy in each cubic
centimeter of space, the region in which the capacitor® field is non-zero yields a certain store
of energy.

Dielectrics. For dielectrics, the basic rule is that thefield in a dielectricis reduced by a factor x: E =
Eo/x. Thisis the one fact that students should remember. It provides a rationale for the fact that
dielectrics increase capacitance, and it GnsertsOnicely into the standard strategy for calculating
capacitance.

One mnemonicthat |®e always used for dielectrics isthe Qo to eOrule. That is, if you arein a region
that is entirdy filled with a single dielectric of strength «, then all you need to do is find out where
an g, comes in and replace it with an € = xg,. For instance, in an electricfield, the ¢, is on the bottom,
so the field strength decreases by a factor of k. For capacitance, the ¢, is in the numerator, so the
capacitance increases by a factor of «.

Students like the formula C = kCo. Of course, the basic idea that dielectrics increase capacitance is
sound, but emphasize that the formula C = kCo only holds when the capacitor is entirely filled with a
single dielectric of strength k. The C = kCo formula does have its uses, however, since it gives rise to
thetrick of Problem 5 part (a).

One tiny suggestion about board technique. Over the years | have watched many GSls struggling to

draw a GOin such a way as to distinguish it from a .0 It never works. Whenever | am writing at
the board---and even when | am solving problems for myself on paper---I write kappas as cursive k®.

SAMPLE MINI-LECTURE AND BOARD SUMMARY

Mini-Lecture |. Discuss capacitance and answer Discussion Questions 1 and 2 in the process. The
important thing isto convey in physical terms why capacitance is a geometric notion.

The reason | like Discussion Question 1 is that part (b) cannot be answered on the basis of any
formula. You just have to understand what capacitance means.

Capacitance is the ability a system of conductors to hold charge.
One way to understand what® going on is to realize that charges don®just magically accumulate on
these objects. You have to force the charges onto them, because if it were up to the charges, they

would like to repel each other, not crowd together on some oilcan.

What this means is that you would have to hook the oilcan up to a battery or something in order to
put chargeon it. A strong battery would result in lots of charge ending up on the oilcan, and a weak
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battery would result in very little charge ending up on the oilcan. So we may expect that the charge
that ends up on the oilcan will be proportional to the strength of the battery that put them there:
symbolically,

Q=kV
where k is some constant.

What could this constant of proportionality be? To get some idea, let® compare two different oilcans,
one large and one small. (Draw this.) If you hook up batteries of equal strength to the two oilcans,
then it seems plausible that more charge will end up on the large oilcan. Intuitively, it will be easier
to put the charges on a large oilcan, because when the oilcan is large, the charges can stay far away
from each other, which is what they like. (Draw charges close together on small can, far apart
on large can.)

This shows that the amount of charge you get, for each volt of battery strength, is larger for the large
oilcan, and smaller for the small oilcan. But the amount of charge you get for each volt of battery
strength is

QV=kV/V=Kk,

the proportionality constant. So the proportionality constant k is large for a large oilcan, and small
for a small oilcan.

So making the oilcan larger makes k larger. How about changing the length of the handle? That
will probably change k too, because it will probably change the ability of the oilcan to hold charge. In
general then,

k depends on the shape of the oilcan.

Now, when we have two objects, we can run the same arguments, and we will get the same result.
The ability of the pair of objects to hold a certain charge +Q, given a certain potential difference V
between them, will depend on the geometry: the shape of each object, as well as their orientation
relative to one another. This ability to hold charge is what we call the capacitance. (Sounds like
Qapacity.Q

To make a long story short, since in part (b) we have not changed the geometry of the oilcan-chain
arrangement, we have not changed the ability of the arrangement to hold charge. That is, we have
not changed the capacitance. It is still 3.8 pF, or more suggestively 3.8 pC/V.

By the way, if the charge on the objects is now £210 pC, this must mean that the battery connecting
them has potential

V=q/C=210 pC/ (3.8 pC/V)=55V.

As for part (c), Qhat are some ways in which you might alter the capacitance of this system?Q as we
discussed, anything you do to change the geometry of the system will tend to change the capacitance.
You could move the chain further away from the oilcan, or rotate the oilcan in relation to the chain,
or bend the chain, or dent the oilcan.

In Discussion Question 2 we try to understand better how one feature of the geometry influences the
capacitance: namely, the separation between the objects. The basic idea here is that when you put
the pieces closer together, then the -q charges on one piece begin to help with the job of holding the
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+q charges on the other piece. They do some of the battery® work for nothing. So the same battery
can force a larger charge onto the objects, which is just what we mean by the objects having a larger
capacitance.

Mini-Lecture Il. Briefly discuss energy storage in electric fields. In a sense we are presenting the
students with a new fact of nature, which is that electric fields store energy in each cubic centimeter
of space. The amount of energy stored in each cubic centimeter depends on the strength of the
electricfield in that region. Specifically, we have

ue = (1/2)eo0E2.
The quantity ue is an energy density, with units of Joules per cubic meter.

Any time you charge up a capacitor, there is an electric field between the plates. (Draw picture.)
Since there is an electric field in the region between the plates, there is energy stored in each cubic
centimeter of space between the plates. We can think of this energy as being stored in the capacitor.
Thereis a general formula for computing the electrostatic energy stored in a capacitor:

U = (1/2)CV2
U = Q/2C.

(To get the second formula from the first, you just use C = Q/V.) These U® are energies, not energy
densities; they have units of Joules.

Mini-Lecturelll. Draw pictures of dielectric materials on the molecular scale, both before and after
polarization, and explain why they diminish electric fields. You might want to look at the text,
section 31-6, for some ideas on this.

Keep this one brief (a few minutes). The idea is simply to motivate the formula E = Eo/k. The
students will explore the effect of dielectrics on capacitors as they work through the problems.

REMARKS ON THE DISCUSSION QUESTIONS AND PROBLEMS

Discussion Question 1

The very idea that some conductors can hold more charge than others, for a given @ffortOto put
it there, has probably never occurred to your students. This question gives you a chance to
explain this idea. But do your explaining after they have had a chance to get part (b) wrong.
(See the Sample Lesson Plan above.)

See Mini-Lecture | above for some suggestions as to what to cover in your explanation of this
question.

One of the tricky things about capacitance is that when we introduce this topic, it is never very
long before we write out the definition C = q/V. When the students see a formula like this, they
naturally think of g and V as independent quantities. According to this view, if you double q,
then you double C. If you double V, then you cut C in half. Thisis a troublesome pedagogical
issue.
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If you are looking for an analogy to help put things right, you might want to use density, defined
as p = M/V. The density of a substance is an intrinsic property of the substance, and it doesn®
depend on the mass of your sample or the volume of your sample. In the same way, the
capacitance of an arrangement of conductors is an intrinsic property of the system, and it doesn®
depend on the charges or the potential difference.

To press the point somewhat, if you measure the density of water using a 50-gram sample, you@
get 1 gram per cubic centimeter. But if you measure the density using a 200-gram sample,
you®e not going to get 4 grams per cubic centimeter as your density! [t@true that the mass has
gone up by a factor of 4, but then so must the volume have gone up.

Discussion Question 2

The capacitance of a system of conductors depends on its geometry. To say anything more
detailed than thisis difficult. But this question addresses one geometric factor whose influence
on the capacitanceis pretty understandable: the plate separation.

To save time, the Sample Lesson Plan above does not assign this problem to the students.

Instead, you answer it yourself in the course of Mini-Lecture |I. This is not really the best
approach, but it may be your only choice if you are behind.

Discussion Question 3

There are two kinds of answers to look for here. One answer starts by observing that the
dielectric reduces the field between the plates (for a given charge £q), and hence decreases the
potential difference between them, sothat q/V is larger.

Another kind of answer makes contact with Discussion Question 2. Thisis the answer that says
something like, the negative poles of the molecules near the positive plate will help with the job
of holding the positive charges there. The molecules do some of the battery® work, so that for a
given battery strength, more charge can be held on the plates. Thus g/V is larger with the
dielectric.

Discussion Questions4 and 5

This question and Discussion Question 5 are meant to give the students a more intuitive
understanding of the parallel and series addition rules for capacitors. Even though we haven®
done circuits yet, we can use our understanding of conductors and capacitors to solve these
problems. For example, the students don® need to know that the potential around a closed loop
in a circuit is zero. You should point them to the fact that the potential drops across the two
capacitors are the same, however, by appealing to the fact that the two GopCplates are connected
by a wire (itself a conductor!), and therefore will be at the same potential. The same goes for the
two GottomOplates. Therefore, the potential differences across the two capacitors are equal.
Knowing that, the parallel addition law will emerge naturally.

For the series capacitors, the key is that the right plate of capacitor 1 and the left plate of
capacitor two are connected by a conductor. The two plates and wire should have a net charge of
zero, and therefore the charge that each capacitor holds will be equal.
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Problem 1

This is a simple run-through of the basic capacitance formulas. If you have time, you might
assign this problem first as a warm-up.

Problem 2

This is a good problem to doin section. But | think it is better to do Problem 3 first, which lays
out the standard strategy for calculating capacitance. You can have the students do Problem 2
immediately afterwards, so that they have a chance to apply the standard strategy themselves.
(See the Sample Lesson Plan above.)

Notice that this problem uses a simple context to review a number of the skills students have
learned during the last few weeks: field sketching, superposition, calculating fields, using Fongq =
gEext, and integrating E to find a potential difference. This is one reason why you should either
dothis problem in section or encourage the students to practice with it at home.

You may be surprised to discover how little some of this material has sunk in. Don® become
frustrated if you find yourself spending so much time on parts (a) - (e) that you never even get to
the capacitance calculation.

Problem 3

This problem lays out the standard strategy for calculating capacitance. Draw the studentsO
attention to the ordering of the various parts of the problem, and summarize the strategy on the
board.

A number of skills are required in order to apply the standard capacitance strategy: field
sketching, field calculation, and integrating E to find potential differences. Don® take it for
granted that all of your students have mastered these skills. Look to see who is struggling. |
would definitely go over this problem in detail in front of the class, to reinforce how GaussCLaw
is used to find an electric field and how a potential difference can be determined from an electric
field.

Capacitance calculations are a common feature of 7B exams. |f the students want more practice
with this, refer them to Problem 36-3 of The Portable TA, Volume 2.

Problem 4
This problem shows where the energy is stored when we say that @ capacitor stores energyQ It
also gives students practice computing energiesin electricfields and in capacitors.

Problem 5
If you want your students to do part (a) of this problem---viewing the system as a collection of
four capacitors in series, then using C = kCo for each of the four---then you will have to mention

the rules for combining capacitorsin series and in parallel. Thisisnot a bad idea, but unless you
have a lot of time, you may want to have them do parts (b) - (d) first, so they can get some
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practice in applying the standard strategy. (To use the standard strategy in the presence of
dielectrics, students have to add E = Eo/k to step 2).

A field sketch for this kind of problem is worth a thousand words, so don®let the students blow
through part (c).

If you have the students solve this problem with the GeriesGtrick, then you can mention to them
that Problem 6 gives them similar practice.

Problem 6
This problem is a lot like Problem 5, except that the (parallelOtrick gets far more attention here
than the GeriesOtrick got in Problem 5. So for the sake of teaching fundamentals, | would
recommend doing Problem 5 in section rather than Problem 6. Having done Problem 5, you can
mention that Problem 6 might make for good exam practice.
A field sketch for this kind of problem is worth a thousand words, so if you do this problem in
section, don®let the students blow through part (c).

Problem 7

This problem appeared on a recent 7B exam.

The two methods of solution referred to in part (a) are, first of all, the standard strategy, and,
second of all, the GeriesOtrick. | would recommend the standard strategy to my students.

Note that in order to apply the standard strategy successfully, students have to remember that
E=0 within the conducting material.

In order to apply the GeriesOtrick successfully, students have to treat the conducting slab as
part of the wire. Soin a sense, there arereally just two conductors in series here.

If you insisted on viewing the metal slab as a third capacitor in the series arrangement, then you
have to assign it a dielectric constant k =! . Its capacitance is then infinite, soit drops out of the
series-addition formula (1/! = 0). You can see why | recommend the standard strategy.

Problem 8

If you want to do this problem in section, then you will have to cover the rules for combining
capacitors in series and in parallel. You may very well decide to concentrate on other topics
instead. (Seethe Sample Lesson Plan above.)



