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Abstract

In response to Wooders [Journal of Mathematical Economics 36 (2001) 295], | review the
contributions of Engl and Scotchmer regarding the hedonic core and monotonicity [Journal of
Mathematical Economics 26 (1996) 209], show how our contributions diverge from those previ-
ously in the literature, and highlight the importance of our assumptions by giving counterexamples,
particularly to related results of Wooders.
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1. Introduction

Engl and Scotchmer (199@fove two main results characterizing core payoffs in games
where all players can be different in the sense of having different “attributes.” First, in
large games, core payoffs are approximated by hedonic payoffs to (or linear prices on)
players’ attributes. Second, a monotonicity (comparative statics) result applies: ifa particular
attribute is more heavily represented in one game than another (in a proportional sense),
then its hedonic price should be lower (no higher) in the game where it is more heavily
represented.

Wooders (2001piscusses many topics, some relatecEtml and Scotchmer (1996)

In this reply, | review our main contributions, draw some formal connections, and give a
counterexample to Wooders’ theorem in the main area of overlap. | discuss hedonic pricing
in Section 2 and monotonicity irSections 3 and.4
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2. Hedonic pricing

Theorem 1 ofEngl and Scotchmer (1996, circulated earlier in 1991, 1%%&es con-
ditions under which, in large games, core payoffs will be close to the value of players’
attributes, evaluated at prices in the hedonic core. After we circulated our paper, Wooders
sent us a series of papers that culminate in a similar result, PropositionNbaders
(1993)1

Hedonic pricing is a strong result, and it only holds under restrictive conditions not
satisfied by Wooders’ Proposition 7. The main condition used by Engl and Scotchmer is that
the payoffs available to coalitions of players are superadditive with respect to their attributes.
This assumption has bite whenever the attributes are bundled into either commaodities or
players? which is the case of interedtThe theorems we received from Wooders diverge
from ours in various ways, but most importantly, in that she does not assume superadditivity
in attributes.

The model below follows Engl and Scotchmer in defining a characteristic function on
vector sums of attributes. However, for the purpose of statingders (1993Proposition
7, 1 adopt her notation and her assumption that there is a finite number of “types” of agents,
and a finite number of endowment vectors of attributes.

Take as primitive a technology), A), whereQ is a positive integer (the number of ele-
ments in an attributes vector) arid: Zf — R, is a characteristic function specifying the
payoffto a bundle of attributes. Suppose therelatygpes of agents, and define the per-capita
endowment of attributes for players of typase’ ¢ Zf. LetE = {el,¢2, ..., eT}. Let
fe ZJTr represent profile of players, wheref; represents the number of agents of type-
t=1,...,T. Lete(f) = >, fie' be the aggregate attributes for a proffleFrom the
characteristic functiomt define another characteristic functign: ZJTr — R byy(f) =

1 The stated objective dVooders (2001)s to explain that she did not “duplicate” the results of Engl and
Scotchmer. We first circulated our paper (June 1991) at a conference in Stony Brook. It was a complete paper,
with complete proofs, and included a clear outline of an extension we were writing up. Our paper defined and
developed the two topics mentioned above: the hedonic core and monotonicity. Two months later, Professor
Wooders (1991¢irculated a paper at another conference that included a four-page sectiorAjtlgitations to
Hedonic Pricing and Monotonicity The section neither states nor proves theorems, and Wooders admits on page
66 that her “discussion is not complete.” Twelve months after thatidoders (1992¢)'hedonic pricing” became
the “attributes core.” Six months after that,Wboders (1993)the “attributes core” got a new definition.

2 Engl and | point out (1996, p. 212) that “Superadditivity is sometimes thought to be an assumption without
bite, since large coalitions can always subdivide into smaller ones, and that might be how the payoff of the large
coalition is achieved. But in the context here, subdividing an attribute vector might mean that individuals must
subdivide their time between different activities. That might or might not be possible.”

3 Bundling is inevitable when attributes are embodied in the players themselves, e.g. personal attributes such
as Wooders’ “ability to tell stories” (1993, p. S)Vooders (1993, p. 15xplains that players in the game are
“syndicates” of attributes. A syndicate is a group of players which has coalesced into one player, with its attributes
treated as an indivisible unit.

Attributes can also be interpreted as attributes of commaodities. The endowments in the example can be
interpreted as attributes of three types of oranges. Type-1 oranges are sweet, type-2 oranges are bitter, and type-3
oranges are both. People like sweet oranges (which they can eat) or bitter oranges (to use in cooking), but oranges
with the bundled attributes bitter/sweet have no use. As a consequence, the prices of oranges (and the utilities of
their owners) cannot be described by a linear function on their attributes.
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A(e(f)). Let (T, ) be thederived pregameand let(f, v), f € ZI, be agame The
superadditive cover of is y* : Z_{ — R, defined by

Y =max) Y Y (NP e P(f)

fkepP

whereP(f) is the set of partitions of, P(f) = {{f* € zT} |3 f* = f}. Define the

superadditive coven™ : Zf — R4 analogously fromA.
Using the notationi f|| = Y, f:, thee-coreof the game( £, v) is defined b§

C(fie)=1{x e R  1x- f <y*(f), x5 = ¥(s) —ells|| foralls < f)
For an “attributes game(z, A), theattributess-coreis similarly defined a&

Ca(zze)={peR%:p-2<A*(2), p-w> Aw) —ellw|| forallw < z}

Wooder s(1993), Proposition 7. Let(Q, A) be atechnology satisfying small-scale effective-
ness® let E be a finite set of endowments with| = T, and let(7, ) be the derived
pregamelets > Oandp > 0be given positive real numbers. Then there is a positive real
numbers* and an integernz (8, p, £*) with the following propertyfor each positive number

e with ¢ € (0, ¢*) and for each player profilg with || f|| > n2(8, p, e*) and f; /|| fIl > p

for eachy, if both C(f; ¢) andC,(e(f); &) are nonempty then a payaoffis in C(f; ¢) if

and only if there is a price vectgs in C,(e(f); ¢) such thatix, — p - e'| < § for each
t=1...,T.

Counterexample 1. Let there be three types of agerits= 3, and two attributes) = 2.
Letel = (2,0), €2 = (0, 2), ¢ = (1, 1). Let the characteristic function on attributes be
defined by

AR) =3 22 if 71=0

2(z1+z2) otherwise

4 Wooders (1993yives two definitions of the-core. This is the definition of page 6. On page 17, she substitutes
elle(s)|| for ¢|s||. The distinction has no material consequence.

5 This is the definition ofVMooders (1993)Wooders (1992ajlefines the-attributes core analogously to Engl's
and Scotchmer’s-hedonic core, as a payaff € R such thatp - z < A(z) andp - x > A(x) — e|x| if x < z.
With this definition, whenA is not superadditive, the-attributes core may easily be empty regardless of how
large the game is.

6 Givene > 0, there is an integerg(e) such that for all endowments for some partition of, {z*} € P(z),
it holds that||z¥|| < no(e) for eachzk in {z¥} and A*(z) — ¥, A(z¥) < ellz|l. This condition is satisfied in
Counterexample 1 forg(e) = 1 and every > 0.
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The superadditive covet™ is defined byA*(z) = z1+z2. BothA andA* are homogeneous
of degree one.

From the characteristic functian on attributes, we can derive a characteristic function
L/ Zi — R4 on groups of players. Defing by v (f) = A(e(f)). Then

2f1 if fo=/f3=0
V(f) =1 22 if fi=f3=0
%,(f1+ fo+ f3) otherwise

The superadditive cover is defined ¥y (f) = 2f1+2f2+ (2/3) f3. Eventhough (f) =
A(e(f)) for all f, it does not necessarily hold that( /) is equal toA*(e(f)) for all f,
e.0.v*(1,1, 1) # A*(e(1, 1, 1)).

We can now ask if the payoffs in the core of a gafyiey ) are close to values of attributes,
evaluated at prices in the attributes cor€xfA), wherez = e(f). Forall f € ZL, and
all e > 0, C(f; ¢) is nonempty, since it contains the core payoft (2, 2, (2/3)). Core
payoffs are achieved with each agent in a group of one, enjoying his own attributes. The
core does not shrink as the game is enlarged. Far &IIZ_ZH, Cy(z;00 = {(L, D} If
p € Cy(z;e),thenp > (1—¢,1—¢),andp - e > 2 — 2¢. Thus, |x3 — p- 3 >
(4/3) — 2¢, so the value of type-3 attributes will not be close to type-3 core payoff, 2/3, for
smalle. |

Some gaps in the proof of Proposition 7 are giverAppendix B The main gap in the
reasoning arises from the assertion tigdt( f) = A*(e(f)) for all f, which does not
follow from ¢ (f) = A(e(f)). Payoffs in the attributes core are defined with respedtto
However, such payoffs may not be feasible, or even approximately feasible, for a derived
game(f, ¥). That is the source of the problem.

Given the counterexample, there is no need to dwell on the literature. Some time after
hearing our work at Stony Brook, Wooders asked us to read her 1992a paper, and that is
why we cited it. We found nothing there to suggest the “hedonic core” or “attributes core”
(which came later), or any other attempt to derive structure for core payoffs when all players
are different. On pages 297 and 29%yoders (2001yuotes text fronkengl and Scotchmer
(1996)describing the 1992a paper as using “scale assumptions,” which Engl and Scotchmer
avoid./ As best | can figure outVooders (2001how argues that her scale assumption is
equivalent to assumptions used Bygl and Scotchmer (1996But even without benefit
of the counterexamplé)ooders (2001pdmits on page 296 that “it is an open question
whether the convergence results of E&S imply those of this author or whether those of this
author imply the E&S convergence results.”

7 The paper concerns games with a finite set of “types” of agents that stays fixed as the game is enlarged. Since
all agents can be different in our model, these results do not apply. The most relevant theorems we could find in
Wooders (1992agre those for types games that are not necessarily replica games. These are Theorem 3.3 and
Proposition A.2, which use the scale assumption “effective small groWisoters (1992ayrites on page 2, “we
consider only core and approximate core payoffs with the equal treatment propefiye restriction is justified
by the result, proven in the Appendix, that when small groups are effectiVd’roposition A.2 in the appendix
had no proof and no reference to one.
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Fig. 1. Monotoxicity.

3. Monotonicity

The second contribution of Engl and Scotchmer concerns monotonicity or comparative
statics of core payoffs (or hedonic core payoffs) in two games where the attributes are
represented to different extents in aggregate. | first recapitulate the monotonicity result that
Engl and Scotchmer generalize and extend.

Let A be the subset of th&-simplex consisting of the rational points. The simplex is
shown inFig. 1for T = 2. For each vector € ZI, lets(f) = (f/IIfI) € A. Assuming
thaty (f)/|l f |l has a bound that applies to gl ZJTF, definev : A — R4 by v(s) =
Sup..o(¥ (rs)/r). Following Scotchmer and Wooders (1988gfinev’ : A — R4

V0(s) = mil’}{u cslu s’ >v(s") foralls’ e A} 1)
UERL

The functionsy andv? are shown irFig. 1, with v < v°. These functions coincide if is
superadditive, as iEngl and Scotchmer (1996)he functionv? is the smallest concave
function that is nowhere smaller than

A bounding hyperplanis u € RY such thaw - s > v°(s), s € A, with equality at some
s € A. Monotonicity is the mathematical expression of how bounding hyperplanes “tip”
as the point of equality imt changes. To the best of my knowledge, this geometry, with its
implications for monotonicity in games, was first pointed out by Scotchmer (1986), whom
Wooders (2001}juotes on page 302.Engl and Scotchmer cit8cotchmer and Wooders
(1988)instead of Scotchmer (1986), as will this reply. | retired the 1986 paper when | agreed
to develop the monotonicity idea jointly with Wooders.

8 On page 302Wooders (2001jjuotes text from Scotchmer (1986) suggesting that the monotonicity results
are derived fromNooders (1979a,bScotchmer (1986) citeéd/ooders (1979a)Nevertheless, in revisiting both
papers, | can find no mention of, or even examples about, monotonicity or comparative statics. The 1979 papers
are not cited by Scotchmer and Wooders (1988, 1989); indeed, Scotchmer and Wooders trace the geometry behind
their proofs to Scotchmer (1986). Footnote 8 of Scotchmer and Wooders (1989) says “Other discussion of this
geometry is in Scotchmer (1986),” and Footnote &obtchmer and Wooders (1988)ys “This framework was
introduced by Scotchmer (1986) "
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A hyperplanex represents payofffor a game( f, ¥).°2 The payoffu can beblockedif
u- f" < y(f) forsomef’ < f, which implies that: - s < v°(s) for somes € A. If u
is a bounding hyperplane,cannot be blocked. The payoffis feasiblefor ( f, ) if there
exists{f*} € P(f) such that. - f < >, v (f¥). As above denote the core of the game
(f, ¥) by C(f;0). Thenu € C(f; 0) if u is feasible and cannot be blocked.

The monotonicity results hold when core payoffs can be represented by bounding hyper-
planes ta’. Consider two gamesf, ¥) and(g, v) for which core payoffs are represented
by u/ andu$ in Fig. 1. One can see th&®) hold, and(3) follows:

g-uggg-uf, f-ufff-ug 2)
Monotonicity:
(€= /f)-w—ul)=<0 €)

The inequality(3) implies a law of scarcity or law of supply: if a single type of player
becomes more plentiful, then the equal-treatment payoff to that type of player must decrease,
or at least cannot increase.

The above intuition rests on the (so far) unfounded premise that core payoffs can be
represented by bounding hyperplanestoEngl and Scotchmer defined a clean notion that
guarantees this, which can also be extended to approximate monotonicity (see below). Let

20=1{uce R_T_lu -5 <v’(s) forsomes € A} (4)

Following Engl and Scotchmer, a gamg, ) exhausts blocking opportunitiésevery

u € 29 can be blocked by som)é < f. If the game exhausts blocking opportunities, core
payoffs are bounding hyperplanesitg because all other feasible payoffs can be blocked.

As a consequence, if the game is enlarged, the coalitions that are introduced do not have
blocking power not already possessed by some coalition in the smaller game. For such a
condition to make sense, the players that are introduced in enlarging the game must have
something in common with players previously in the game. Here, they are drawn from the
same set of “types.” liEngl and Scotchmer (1998&hey have attributes similar to those of
other players, in the sense of being drawn from the same distribution.

Engl and Scotchmer (1997), Proposition 2. If (f, ) and (g, ¥) exhaust blocking oppor-
tunities, and it/ andu? are, respectively, in their cords/ € C(f; 0) andus € C(g; 0)),
then the monotonicity inequali) holds

| now state three stronger assumptions that have been used to show monot@)idity,
is not the differences among A.1, A.2, and A.3 that | wish to emphasize, but their essential
similarity. Each expresses the idea that all blocking power is possessed by coalitions in the
game, as irScotchmer and Wooders (198&nd blocking power cannot be increased by
enlarging the game. Exhaustion of blocking opportunities subsumes A.1, A.2 and A.3, so
their differences are of no particular interest.

9 Such a payoff assumes equal treatment, which may not hold even in a types game. However, equal treatment
will “almost” hold, since coalitions with similar attributes will receive similar payoffs in the hedonic core. See
Engl and Scotchmer (19963 orollary 4 to Theorem 1.
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Assumption A.1 (Scotchmer and Wooders (1988yoposition 2). The gamgf, ) satis-
fies the condition that, for every bounding hyperplartbere exists € A andr(s) € Z
such thaty (r(s)s) = r(s)v(s) = u - r(s)s, and for eachy such thatw(s) = v°(s) there
existsr(s) such thaty (r (s)s) = r(s)v°(s) andr(s)s < f.

Assumption A.2 (Wooders (1994)Proposition 4.1). There exist € Z.. such that for
eachf e zT,

maX{Zwkw(f")
k

max{z wir (%)
k

The gaméf, v) satisfiey > (B, B, B, ..., B).

D wift=f o w e Ry, fFezl, foreacwc} =
P

D wff=fowee Ry, ff ez I < Bforeachk}
k

Assumption A.3 (Engl and Scotchmer (199 Memma ). There exist = {f€ € Zf},
including theT singleton profiles, such that(f) = max}_; v (f)I, f* € C, eachi,
> ft = f}. The gamd f, ) satisfiesf¢ < f for eachf“ € C.

Proposition 1. Each of A.1 A.2 and A.3 implies that the gantg, v/) exhausts blocking
opportunities

Proof. Supposethat € £2gsothat s’ < v?(s’) forsomes’ € A. We must show thatcan
be blocked under each of the three assumptionsplLetl be such thapu is a bounding
hyperplanelf A.1 holds, there exists € A andr(s) € Z, such that-(s)s < f and
Y (r(s)s) = pu-r(s)s > u-r(s)s, andu can be blocked by(s)s. For A.2 and A.3, observe
thatu-s < v(s) for somes, sothere existg € 7 suchthat- f < y(f). Lety", weyr (f5)
be the maximum in A.2 fof. Thenu - f = u - Y, wi f* < v (f) < 3, weyr (f%), so
there exists’%, || f¥|| < Bandf* < f, suchthat - f* < v (f*). Henceu can be blocked
by £*. If A.3 holds, v (f) = 3, ¥ (f*) for some collectior{ ¥} € P(f), wheref* e C,
eachk. Thus,u- f < ¥ (f) implies thatu - f* < v (f¥) for somef* € C. Thenu can be
blocked by f*. O

The following examples show that the A.1, A.2 and A.3 are not “nested,” and are special
cases of exhaustion of blocking opportunities.

Examplel. LetT = 2, and lety be defined by

f]_ if f1>0, f2=0
o) = fa if f2>0,f1=0
)12 i fi=f>=3

0 otherwise
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The gam€((3, 3), ¥) exhausts blocking opportunities and satisfies A.1, but not A.2. If we
consider the superadditive cover, the gait® 3), ¥*) also satisfies A.3.

Example 2. Let T = 2, and letys be defined byw/(f) = f1 + f2. Every game(f, ¢)
exhausts blocking opportunities. A gar(&, 1), ¢) satisfies A.2 and A.3, but not A.1.

Engl and Scotchmer (199@ttribute Proposition 2 t&cotchmer and Wooders (1988)
even though Proposition 2 is more general than the monotonicity theorem of Scotchmer
and Wooders (also Proposition 2). Scotchmer and Wooders realized that the condition
underlying monotonicity is that all blocking power is possessed by groups contained in the
games being compared; that is the essence of A.1, A.2 and A.3. However, on page 298,
Wooders (2001pives a partial quotation from Engl and Scotchmer, and takes issue with
the attribution. The attribution is appropriate, especially bec&ssechmer and Wooders
(1988)was not published. It would have been opportunistic to take credit for the underlying
idea based on an improvement to the formal statement of monotonicity, or a variant on the
small-groups assumptidfi.

Of course there is always a question as to whether a particular result, definition or insight
is novel enough to warrant attribution. That the role of small groups in monotonicity is
nonobvious is evident in the following (incorrect) proposition of Wooders herself, where
she asserts monotonicity without assuming that all blocking power is possessed by small
groups. A counterexample follows.

Wooders (1992a), Proposition 4.1. Let[n, (T, ¥)] be a game determined by a pregame
(T, ¥),and suppose thdu, (T, ¥)] is totally balanced. Lef andg be subgames afwith
the support off equal to the support of. Suppose that is in the core of the subgame
andy is in the core of the subgamge Then(x — y) - (f — g) < 0.

The text surrounding Proposition 4.1 refers to 1-homogeneity and concavityvafich
ensures that the cores ©f, ¥) and(g, ¥) are nonempty.“Totally balanced” implies that
every game (or “subgame”) has a nonempty core. The support condition is satigfieddf
andg > 0.

Homogeneity of the characteristic function seems like a plausible condition for exhaus-
tion, since it can be interpreted to mean that there are no scale effects at all. However,
this is deceptive. The condition that underlies monotonicity, namely exhaustion of block-
ing opportunities, is a condition on tlgame and not a condition on theharacteris-
tic function Homogeneity, as well as other conditions like per-capita boundedness and
various primitive assumptions involving small groups, are conditions on the character-
istic function, and do not directly reveal whether the requisite exhaustion hypothesis is
satisfied.

10 |n the Introduction ofWooders (1992a)Wooders writes, “The monotonicity results are introduced in this
paper.” After | pointed out the errors and reminded h&adtchmer and Wooders (1988)is claim was withdrawn.

In the revised working papé&Wooders (1992h)Proposition 4.1 became a monotonicity result based on the variant
A.2 above, and appropriately attributed to Scotchmer and Wooders. However, in the publishew/pagers
(1994) Proposition 4.1 is described as an “extension.”



S. Scotchmer/ Journal of Mathematical Economics 37 (2002) 341-353 349
The following is a counterexample to Proposition 4%1.

Counterexample 2. Let T = 2 and lety be defined by (f) = (f1/2)Y2. The pay-

off x = (1, 0) is in the core of(f, ¥) = ((1, 1), ¥), andy = (+/2 — 0.4,0.2) is in the
core of (g, ¥) = ((1, 2), ). Thus, monotonicity does not holdr — y) - (f — g) =
(1.4—+/2,-0.2) - (0, —1) > 0. Type-2 players receive a higher payoff in the game where
they are more plentiful.

4. Asymptotic monotonicity and compar ative statics

I now come to the main contribution of Engl and Scotchmer regarding monotonicity.

There is a kind of contradiction in the monotonicity theorem, Proposition 2 above. The
monotonicity inequality(3) holds for payoffs in the cores of two games; hence the cores
must be nonempty. But, in addition, the games must exhaust blocking opportunities. The
latter requires that blocking opportunities are exhausted in bounded groups. These two
requirements are often inconsistent: if blocking opportunities can be exhausted in finite
games, then there is some notion of “efficient scale,” which may lead to the result that the
core is empty. On the other hand, if there are no such scale effects—e.g. the characteristic
function is 1-homogeneous and concave, as in games derived from well-behaved exchange
economies—then it may be impossible to satisfy exhaustion in finite games (see Counterex-
ample 2 above). The main contribution of Engl and Scotchmer, as regards monotonicity, is
to define a notion of approximate exhaustion (as above, a condition on the game, not the
characteristic function), and to find the approximations to monotonicity that resolve this
contradiction.

I will continue my exposition for the special case of “types,” as it allows easy exposition.

Instead of discussing monotonicity on absolute numbers of players(8} iEngl and
Scotchmer discuss a notion of comparative statics on proportiorsglr, the compo-
sitionss € A describe proportions of players, not absolute numbers. The monotonicity
equation (3pecomess(g) — s(f)) - (u8 —u'l) < 0 when expressed in proportions. How-
ever, that inequality does not allow us to conclude that if the proportion of fygesreases,
their core payoff increases (sEgample 2of Engl and Scotchmer (1996)nstead, we must
use the inequalitie).

Following Engl and Scotchmer ((1996, Theorem 2(4)), or (1997), p. 5¢dy that?
the game( f, ¥) has proportionately more type-j players thag, ¢) if s(f) = kS(g) +

11 Actually, the counterexample was already knowStwmtchmer and Wooders (1988)ction 5 explains why a
proposition like 4.1 could not be proved, and why finite games derived from exchange economies need not satisfy
monotonicity.

We also pointed out, using the concave functidnthat monotonicity holds if the characteristic function is
1-homogeneous and the player set is a continuum. This fact is stated formalipdgers (1992b, 1994)s
Proposition 4.3, arguing from a “limit utility function. But | show in the appendix how the limit utility function
U is equivalent ta°.

12 This definition reappears in Proposition 2(B)Kdvalenkov and Wooders (1999)f (f2/|1f2I) = (1 — w)
FYNFYD + pel, € (0, 1) (i.e. the second game has proportionally more players of approximatg tygie¢he
same proportions between the numbers of players of other types(}xijﬂenx}) <(e+38+B)2—u)/n.” Thus,
they present a comparative statics result that is very similar to that of Engl and Scotchmer, reiterated as (7) below.
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kas;(g)e’ fora, k > 0, wheree/ is the jth unit vector. (These conditions imply that< 1
andk + ka > 1.) The inequalitieg2) can be written

ks(g) -ul > ks(g) -uf,  s(f)-uf>s(f)-u’

Subtracting one from the othes,(f) — ks(g)) - (u/ — u&) < 0, which implies(ka) si(g)
(u’; - u“;f) < 0, hence

ujf < uf (5)
Thus, if there are proportionately more typgslayers in one game than another, tyje-

core payoff must be either lower or the same as in the game with proportionately fewer
type-j players.

But while (5) extends the monotonicity argument to a comparison of games where the
numbers of all types of players are different, it still requires exhaustion of blocking opportu-
nities, and it still refers to payoffs in the core. Engl and Scotchmer show that an approximate
notion of comparative statics holds for changes in proportions when (i) blocking opportuni-
ties are only approximately exhausted, and (ii) the payoffs being compared areiodhe
rather than core.

In Fig. 1, the intuition for the inequalitie€) only requires that the hyperplang$ and
u’ are “close” to bounding hyperplanes. In that case, the hyperplanes will still either cross
as shown, or will “almost” cross as shown. In order to define the requisite notion of “close,”
Engl and Scotchmer define

2 ={u e RLju-s <v’(s) — eforsomes € A, d(s, 4) > ¢}

whered(s, 3 A) is the distance from the poiste A to the boundary ofA. Then the game
(f, ¥) e-exhausts blocking opportunitiéfsevery u € 2, can be blocked by somg < f.
For arbitrarys > 0, sufficiently large games will-exhaust blocking opportunities.

The following is an informal statement of our 1996 comparative statics theorem
(Theorems 2 and 3), rendered for the case of “types” instead of attributes games. Sup-
pose the gaméf, ) has proportionately more typgplayers thang, ). Then, given
y, ¥ > 0 and an assumption that assures sufficient overlap among the attributes of players
in the games, there exists> 0, such that if both gamesexhaust blocking opportunities,
andiful € C(f;¢e),u® € C(g, ¢), then

ul s =ut-s@@) -y, uS-s(f)=ul s(f)—y (6)
u]f < u? +y (1)

The inequalitie6) also yield “asymptotic monotonicity(s(f) —s(g)) - (uf —u8) < 2y,
but we do not stress it because it does not inf@ly

Engl and Scotchmer (1991, 1992, 1996) discuss a more complicated class of games than
the types games mentioned here, ones in which all players can be different in the sense of
having different attributes, and ones in which the attributes in large games can be drawn
randomly. The fact that core payoffs can be described by hedonic values of attributes allows
us to apply the comparative statics conclusion to prices on attributes.
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Inour 1997 paper, we apply these ideas to market games, showing, for example, that if the
aggregate endowment of some commodity increases, its price will decrease (not increase),
and if a player is duplicated, the value of his endowment, evaluated at equilibrium prices,
will decrease, which also causes his utility to decrease.

5. Conclusion

There is no issue of priority with respect to the contributions of Engl and Scotchmer
outlined aboveWooders (2001plso makes many other remarks for which a reply in a
scientific journal seems inappropriate. They are implicitly addressed by the above account.
For the record, | reject them.

Appendix A. Thelimit function U and the function v°

A limit “utility function” U is used in the proof of Proposition 7. In addition to defining
it, | show that it is the same function as the functishabove, extended homogeneously to
the nonnegative quadrant.

The limit functionU is the continuous extension ®! of a functionU: RT — R,
defined as follows, wher&? are the rational points iR”. For eachf € R” chooser(f)
so thatr(f) f is a vector of integers. Then let

YRR
uif) = lim ————
D=

Lemmal. U(s) = v°(s) forall s € A.

Proof. | show that at each €A, U(s) is neither larger nor smaller thari(s).

Suppose tham”(s) > U(s). SinceU is concave and nonnegative, there exists RT
such thatvo(s) > U(s) =u-sandu-¢ > U(g) for all ¢ € A. From the definitions of
andU, it holds that for each € A, U(s) > v(s). Hencew’(s) > u - s andu - £ >v()
forall ¢ € A. This contradicts the definition af .

Suppose that’(s) < U(s) for somes € A. Choose a positive numbersuch that
v(s) < U(s) — e. Using the definition ofv?, for someu € R_{ ,u-s = v°(s) and
u-¢ >v()forall ¢ € A. Then it follows from the definitions of/ and ¥* that there
exists (largey > 0 and{f*} € P(vr(s)s) such that

ky K k k
U(s)—e<2w(f Z L5 v () 3 |f* w(s ()
K

vr(s) vr(s) |f¥| vr(s)
k

<Z |f|u~s(fk)=u~2 |fk|s(fk)=u~2 f =u-s =v°(s)
- P vr(s) P vr(s) P vr(s)

but sincev®(s) < U (s) — &, this is a contradiction. O
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Thus, Wooders’ functio/ is the 1-homogeneous extension of Scotchmer’s and Wooders’
v°. Both can be extended continuously to a concave, homogeneous (and superadditive)
function U on all of RT. Wooders analogously defines a limiting utility functiéin from

the characteristic function, using its superadditive cover*. The functionW is Engl and
Scotchmer’s (1991, 1992, 1996)

Appendix B. Gapsin the proof of Proposition 7

On pages 17 and 18Yooders (1993asserts without proof that

{x e RJTF|X - f <Y*(f) andx - s = Y (s) —elle(s) || foralls < f}
={xe R_~T_|x - f < A*(e(f)),andx - s > A(e(s)) — ¢|le(s)|| forall s < f}

But, as shown by Counterexample 1, evenyiff) = A(e(f)), it might not hold that
vr(f) = A%(e(f)).

Proposition 5 asserts without proof thatyifis derived fromA as described above, so
thaty (f) = A(e(f)), thenU(f) = W(e(f)). But, as shown by the example, it might not
hold thaty*(f) = A*(e(f)). In the exampleU (f) = ¥*(f) andW (e(f)) = A*(e(f))
on the domains where both are defined, and tyg) might not be equal tév (e(f)).

The first paragraph of the proof of Proposition 7 asserts without proof that far ang,

“if pisinCy(e(f);e)thens € RJTr isin C(f; ¢) wherer is given byr,=p - ¢’ for each
t.” The assertion does not hold in the example, since the payoffsi( p - ¢2, p - €3) need
not be feasible for the gani¢, v ).

On page 20, Proposition 6 is used in the proof of Proposition 7. However, the proof of
Proposition 6 relies on an analogy that is not apt for Proposition 7, and not reflected in its
hypotheses. Proposition 6 asserts that* P(e(f)) if and only if there ist € IT(f) such
thatp - ¢’ = 7, for eachr with f; > 0.” [T1(f) is the set of subgradients 6f at 1. For
eachz € Rg, P(z) is “the set of competitive prices relative to the endowmgnh an
economy “where each participant owns one unit of one attribute and the utility function of
each participant i®. It is convenient to calP (-) the competitive price correspondence for
(Q, W).” The proof of Proposition 6 uses the fact that “the competitive equilibrium payoffs
of an economy with endowmeat /) are in the core of” the derived game. However, in
the economies of Proposition 7, nothing restricts the endowment vect@rsdra single
attribute. Indeed, to make such an assumption would undermine the relevance of Proposition
7 for the question addressed by Engl and Scotchmer, or the economies apparently of interest
to Wooders (see Footnote 3). In the example, which satisfies the hypotheses of Proposition
7, W is defined byW (z) = z1 + z2, U is defined byU(f) = 2f1 + 2f2 + (2/3) f3,

P(G) = {(, D} andl1(-) = {(2,2,(2/3))}. For type-3, the conclusion of Proposition 6
does not hold, sincg - €3 = 2 £ (2/3) = 73.
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